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RISHER T IL A2 %
Reaction-diffusion systems
u, =DAu+F(u), r>0,xeQcR”
d - 0
D= , ueR", F:R" >R"
0 - d,
u, = DAu, 75 (Diffusion)  u, = F(u), &/t (Kinetics)

QIS /N

Reaction-diffusion

u — u(z- x O)H%Fﬁﬁ t, &(){\ggﬁaﬂ X C:B@?%'f&ﬁ*’i%gﬁ&é
? Dependence on time t, space x

INR =R D A H =X L
Mechanism of pattern formation



BRA IR E IR E T IV IS
Various reaction-diffusion model systems

- BZ reaction, Keener-Tyson model

bw(u—a)

u-+a

-

u, =ed Au+u(l—u)—

v, = s(d,Av+u—v),
- BRIEHF2ZL (combustion model)

d\AT + pnf(T), 1(1—1+ (IT_I))
d,An— pnf (T), J{T)=e

—
1 ||



- 5 & B Phase-Field model (Kobayashi)

tp, = divid(x)Vpi+ f(p,T),
I = d,AT —kp,,

wepgGierer-Meinhardt model

Regeneration of hydra

QcR,R*, 0<d, <<l



Fcology of Hydra



- nerve impulse, FitzHugh-Nagumo model

u, =u.__ + u)—v,
t w + S () t>0,xeR'
V, = g(u o )/V),
fw)y=u(l—u)(u—a) Existence, Hastings ‘76
Stability, Jones ‘84
Yanagida ‘85

Traveling solution



Reaction-ditfusion systems

u, = DAu+F(), 1>0,xeQcR"’
(d, -+ 0)
D= , ueR", F:R" >R"
0 -y

INJLRIR B TERR (pulse like localized solutions)
S(x)

O Sx)>0 (Jx|>x)



Ex 575/ VL 2 FitzHugh-Nagumo model

u, =u__+ u)—v,
t w+ () t>0,xeR'
V, = g(u o 7/V)9
B Existence, Hastings 76
J)=u(l-u)(u—-a) Stability, Jones ‘84
Yanagida ‘85

Stable Traveling pulse
solution

L'f T/&



Ex. Gierer-Meinhardt model

l/lp
Y p-1 r
t>0,xeC), p>10< <
u g s+1
v, =d,Av—v+ L
% QcR,R", 0<d, <1

.

di=reel
Pulse-like localized solutions X/\1UfE

1u(x) Ni, Takagi '91
Ni, Takagi, Yanagida 99
Ei, Wei ‘02

W) 1D 2D
stationary



Spike solution of Gierer-Meinhardt

Stationary spike solution in
(Radially symmetric)
(E. Wei 02)



Ex. Gray-Scott model

(ut =d Au—uv’ +A(1-u),
v, =d,Av+ uv' —(A+k)v,

Pulse-like localized Spike solutions X/« Of#
(u(x),v(x)) = (1,0) (| x [> )

t>0,xeQcR R’

u(x)
W) (Wei'01)

2D

Stationary in
(Doelman et.al.99)



Spike solution of Gray-Scott model

N AN
" S v B

Stationary solution in
(Wei 01)



Reaction-ditfusion systems

u, = DAu+F(), 1>0,xeQcR"’
(d, -+ 0)
D= , ueR", F:R" >R"
0 -y

INJLRIR B TERR (pulse like localized solutions)
S(x)

O Sx)>0 (Jx|>x)
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u =DAu+F(u; k) metics4—% kzEn

Traveling pulses ﬁ'/fj_'i&ﬁg
Standing pulses JE p it (1BREN EARIE)

~ k=k ; DS (FU 7 FoES)

c



~ 1) T sl

. E., Mimura,Nagayama 01

1
=du,, + V),
ul‘ luxx < f(u V) t> O,x ERI

v, =d,v,, +gu,v),
f(u,v)=—au+exp(u/(l1+u/c))v,
g(u,v)= h(v* —v)—exp(u/(l1+u/c))v

=l

ZEESB/NILA
IREN/NIL X

EIT/NIL R



Kawaguchi-Mimura Model 98

(Jut =sAu+¢e ' f(u,v,w),

N

v, =Av+u—-v+h, t>0,xeQc R,

W, =dAw+u—-w+h,

L

fu,v,w)=ru—u —kyv—k,w.

£=0.1,0 =0.04,r =1.5,k, =1.0,k, = 5.0,
hy=1.0,h,=08,7=0.01,d =7.0
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FRENICNNTA =R kBN

Traveling pulses
Standing pulse S(x), even

k=k, ; D88 (KU 7 kDS

c

% R E R 3R

ned: 0 N EfEHE
L R0 ke l3 NIRRT
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BilEBIE ThDinadDanE

LITREOBEHE
find. 0 H' L OEHESET A\\V2

IRSIEHIEREN S(x) [+ 0)

DfE U(t,x) [T ULT, D b &> T

ERB. S(x) (FFREELZTE, EULVD




Dynamics of pulses near singularity

« Properties of the linearized operator L
1. [ has always the zero eigenvalue
LS, =0 (LS, =0)
Z. [ has another singularity
Jordan Block (odd)[le _ _Sx (LWQ _ _Sy)

Another zero eigenfunctions
(symmetric, even) [y = ()
J

Hopf point (symmetric, even)

Ly =—py,, Ly, =py (1>0)
Center Manifold Theory



Jordan Block (1D case)
( bifurcation diagram)

LS. =0, Ly =-S, u~S(x—p)+tqy(x—p)

|
ut — dluxx + < f(M,V),

E., Mimura,Nagayama 01

1

. t>0,xeR

L vt — d2vxx + g(u,V),
f(u,v)=—au+exp(u/(l1+u/c))v,
g(u,v) = h(v* —v)—exp(u/(l+u/c))v

Traveling pulses
Standing pulses



Construction of traveling pulses

Assume:

\::E C
L f— [.:’(S), LS;}: Oj Law _Sw 4

Let



u(t,z) = S(z — p) + gz — p) + o{g; n)(x — p)



Dynamics of ¢

AS(x)=0
u(t,x)=S(x—p)+qux—p)+@E(x—p) (v)
+1j5(x— p)+V(t,x— p) 6, veE”

O(q’ +1°)

L*p*=0, L*y*=-¢p* Allodd

<'7”9Sx >:<Wﬂl//*>: O?<Sx9w*>:1’ w ;odd
<y,p*>=1,< S _,0p*>=0

Et ={vi<v,y*>=<v,p*>=0)}



u,(1,X) = pS,(x—p)+qy(x— p)— pqy,(x—p)+---

Au) +17g(w) = Lv(t,x = p)=qS,(x = p) +118(S(x = p)) +---
X—p=>x

| . q(1+0(q° +1n*))=0(q" +1n°)
p1+0(q|+|n))=9g+0(q" +n°) g =0(g% +1?)
. 2 2
. p=q+0(q +n")



p=4+0(g" +1°)
q=0(q" +n°)

In E*

1
qz;—wx=L§+2F"(S)t//2 n; 0=Lg+ g(S)

In E*



3/2
)

g=—-Mqg’ +M,nqg+0(q" +1

M == <& 4 FUSWE+ FUSW 0>
M,=<g +F"(S)ys+g'(Sy,p*>



NE SRR DIFLE

p=q+0gq2+772) 4
g=-Mqg +M,ng+0(q" +1

3/2
)

1

1
M == <EFUSWES FUOSW0">  q%i—y = LE+ ) F (S’

M, =<¢, +F"(S)ys+g'(S)y,p*> n; 0=L¢+ g(S)
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Traveling pulses
Standing pulse S(x), even

k=k, ; Hs (FY 7 S
N % KA ER
e 0 "EMEEE
. 5 ke lIDIE S TR
FITREOERE N g

LY
LS =0, Ly =-§,
| Jordan BlockZHEiE




M
4= M1q3 +M,ng  p 1
S . i
;i;,;_ﬁ Super-critical53 %
ZEHHEIR Eﬁﬁﬁﬁmi
X OFERISA—Y k DBEEERDD Sub-critical 431

Shim Tz



Example of Dritt Biturcation
E.,lkeda, Kawana 08

pP=q



pP=q

g=-Mq’ + M, &

RELDETRE 75

1

M, =—<¢. +F"(S)l//§+6F'"(S)W 0*> gl -y =LE+  F"(S)y?

M FFEEECKDERFE

2
M, =<¢, +F"(S)ys+g'(S)y,p*> n: 0=Lc+ g(S)
BIEZETE CED
BB ~

: HﬁﬁtFO)Euu%

DIGEEDIER  ~

=]

DIRTE




2D case drift bifurcation

Kawaguchi-Mimura Model 98

rO'ut =sAu+¢&"' f(u,v,w),

N

v =Av+u—-v+h, t>0,xeQcR’,

™W, =dAw+u—w+h,

L

fu,v,w)=ru—u —kv—kw.

£=0.1,0 =0.04,r=1.5k =1.0,k, =5.0,
hy=1.0,h,=0.8,7=0.01,d =7.0



2RITD KU 7 bl
u, = DAu+F(u; k)
)

BRUME = ARE .

(LS, =0,LS,=0) |, o
dim Ker L = 2 EHRTE




| | |
I

4TI ENDE
fORE. 0 ' L e

Wi o

H

BT A\V\WA

IRSIEFIERIEN S(x) ([CtHa3EuLy

DR U(t,x,y) ICX LT, D bER2 h'dp> T

ERB. S(x) (FFREEETE, &EWLNVD




Construction of a traveling
spot
(as the bifurcating solution)
assume Jordan Block E. Mimura,Nagayama 02

Ly, =-S.,Ly,=-S, (LS,=0,LS, =0)

; stationary solution of
Sx)
S(x) ;radially symmetric
S(x) > 0 (] x|—> o)



Assumptions

1) The speturum of /-
2(L)=2,UX,2,={0} X c{Rez<—y,}
0. Projectionsof 3 52 c
2) QX =spamS.,S,,y,¥,5 5
Ly, ==§S_, Ly, =-§
(LS, =0,LS, =0)

y



Theorem|12]

3

P=g+0(gsl +|7]*), Séc - P)
E=-VIW(@)+O0(c|' +|n)

% %V 2 P
as long as |g|<g,|77|<77, P e R”“ .where

Proof: construct an exponentially
attractive invariant manifold



Rem:



Roles of QZ(Q‘I,gz)

u,=DAu+F(u;k, +n7)=DAu+F(u)+7ng(u)

=L(u)+ng(u), xe R’ ueR"

u(t,x) =S(x—P)+gw,(x—P)+c,y,(x—P),

[ p— c Stx - B)
< .
s =-VI(), »

*Velocity of spot S

*Deformation of spot from
radial symmetry



Dynamics of solutions
I 1

W(q)=4Ml|€|“+2sz7|;|2 M, M,>0=
 P=g, Mo mo
- =V W (c),
S H () q
(4
n<0 n>0
k=k +n1

& o Super-critical bifurcation



Kawaguchi-Mimura Model 98

( -1
ou, =eAu+¢ f(u,v,w),
v, =Av+u—-v+h, t>0,xeQc R,

N

W, =dAw+u—-w+h,

L

fu,v,w)=ru—u —kyv—k,w.

—>M,M,>0

£=0.1,0 =0.04,r =1.5,k, =1.0,k, = 5.0,
hy=1.0,h,=08,7=0.01,d =7.0
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Proof of Drift biturcation

-Monograph- Springer 2025
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Proof of Drift bifurcation
by Chen, E, Mimura 2009

Camphor motion

English version



Moving boundary (MB) model for camphor disk

Chen, E, Mimura 2009

First rigorous result
for drift bifurcation and 2D reflection

MB model which can be rigorously treated.

% ~ k(1]



Experiment for camphor disk

By Kanda (02, Hiroshima Univ.)

Recorded by the video camera
at A and monitored by the
display at B to produce a
movie.

Camphor disk problem is
a nice example both from

A trajectory of a camphor models and phenomena !
disk of an experiment

Z = 1/(content rate of camphor)
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Repulsive Interaction of Pulses

Traviljf IOUISeSstanding pulse S(x), even k= kc , AR (R U7 R pils)
-/ C A v ==
- > PRI KT’E Ea
\_ 3
i = L=l 8 B =0, ) =

u(t,z) = S(z — p) + q¥(z — p) + ¢°4(z — p) + n¢(z — p) + o(g;n)(z — p)



Repulsive Interaction of Pulses

u(t,x)=S(x—p)+qu(x—p)+q Ex—p)+ng(x—p,)
+S(x— p,) + @y (x— P+, E(x— p,)+1g(x—p,) +V

, v=0(q, +q, +1n" +5)

Rem. S(x) = e “Ma=0(h) =0(e™ ")



u(t,x), x—p, =>x,x—p,=>x—h

-pS.tqw - pqv.+2q,4,6— Q12p1§x —Nps,
—(py+h)S (x=h)+- =PV, +V,

Equations of ¢,/ and p,









Simple case(symmetric case)

q
yZ
1 P> ~ ya
< k=k +n
2p
—pP P
p=q+Mye>"

—2ap

g=-M\q" +Mng+Me



Interaction of traveling spots

u, = DAu+F(u;k,+n7)=DAu+F(u)+7g(u)
B
: =L(uw)+7ng(u),xe R*,ueR”

i1

|
Assume  §(x) > = e “a(r=|x|> »),aeR"
r

et S(x;h) =S(x)+S(x—h) (heR?)

S(h)=SUp|L(SCh) =00 ¢ (hh)

xeR?

O(x,¢) =S(0)+qu () +ow,(x) (6=(5,5,))
LHW1 ==35,, L3W2 ==5

y



Theorem

u(t,x) =60(x—h;¢)+O(x—FB;q,) +O(o(h)+|g |2 +]6, |2 +[n7)),

=g —Mlj e et 0+ g F +1c, P +1n[),

B=g,+ Mlj e et 0B+ g F +]e, P +1n[),
) M'
§1:_VW(€1)_ 0

et 0@ g 4l I+ In )

: M'
S, =—VW(c,)+ hoe he+0(52+|€1|4+‘g2‘4+‘77|2)9

as long as |€J |< g*,|77|< 77*’ V})j cR? < S
c
B -B

h=P-R.h=|P,~Ple=" i

£



k=k +n

v

o
Vs =
' Repulsive interaction
M,,M', >0=
(. M P —
Bmg =Moo h=p-Rle='"
M
P=g,+ e
" S S
. M ' 1 2
S, =—-VW(g)— e e, ¢
M 7 E

g



Special Cases

e On aline

Pj :(pj90)9 S; :(gjao)
(E. Mimura, Nagayama 02)

« Neuman boundary

R:(p9Q)9 S :(gaé:)ag :(pa_Q)a S :(ga_é:)a

(Matsumoto 02)

ODE1 ODE2 PDE1 PDE2



Fxample of 2D reflecting traveling spot

1D reflec.

i, 2D reflec.

cfl.7arv gD R Y 7 ok [17]

Drift bifurcation of
traveling pulse, spot



Experiment for camphor disk

By Kanda (02, Hiroshima Univ.)

Recorded by the video camera
at A and monitored by the
display at B to produce a
movie.

Camphor disk problem is
a nice example both from

A trajectory of a camphor models and phenomena !
disk of an experiment

Z = 1/(content rate of camphor)



Camphor Layer Model(#E#x)
« Nagayama et.al.00 /?

u, = DAu — Clu+F(|x PD Y
P Vx}/(l/l) |x =P ’ 7/ F_ 1+Cu

e Mimura et.al.01

{Tgut:ngu+f(u,v)—<f>, 0 1

v, =DAv+au—yv
(Koya 00)
<f>—|Q|jfdx f(u,v)=u(l-u)u—a()), a(v)—l+t;nhv



Moving boundary (MB) model for camphor disk

Chen, E, Mimura 2009

First rigorous result
for drift bifurcation and 2D reflection

MB model which can be rigorously treated.

% ~ k(1]



Interaction of camphor disks

k=k +n ”
MB model okl %
M,, M', >0 = Repulsive interaction
[ M P—-P
Bmg - "ree p=p-ple=" 1]
M
P,=¢g,+ ‘e e,
" S S
' 1 2
G-V ()= e, ¢

My




Special Cases

* On a line
P, = 0
(E. K/Ilm(ﬁl?é !\Paédyargg]OZ))

« Neuman boundary

:(p9Q)9 S :(gaé:)ag :(pa_Q)a S :(ga_é:)a

(Matsumoto 02)



Dynamics of ODE

o p

p=T(x)
(?)
(=) Mimura et.al
Meaning?

difference from usual billiard problem ?



Dynamics in a square region

41 Mimura sensei discovered

the stable limit cycle
c.f. Billiard problem
(Generically the region is
densely filled by orbits)




Experiment in Hiroshima
by Mimura and Lab. students 2002

1.3 Moving boundary model 3

Fig. 1.1 The experimental facility by Kanda[4]. The experiment was recorded by the video camera
at A and monitored by the display at B to produce a movie.

Fig. 1.2 A trajectory of a camphor disk of an experiment by [4].



Complicated motions of camphor disk

4.Y. Kanda. Experiments and numerical analyses for motions of a camphor disk(in Japanese). Bachelor thesis, Hiroshima University, 2002.

5. M. Mimura, T. Miyaji, and |. Ohnishi, A billiard problem in nonlinear and nonequilibrium systems, Hiroshima Math. J. 37(2007) 343-384.

6. S. Nakata, Y. Iguchi, S. Ose, M. Kuboyama, T. Ishii, and K. Yoshikawa. Self-rotation of a camphor scraping on water: new insight into the old problem. Langmuir 13 (1997) 4454—
4458,

7. S. Nakata et al.(eds.) Self-organized Motion: Physicochemical Design based on Nonlinear Dynamics, Royal Society of Chemistry, 2019.

8. U. A. Rozikov, An Introduction to Mathematical Billiards, World Scientific, New Jersey, 2019

9. N. J Suematsu and S. Nakata, Evolution of Self-Propelled Objects: From the Viewpoint of Nonlinear Science, Chemistry-A European Journal 24 (2018) 6308-6324.

1

0. T. Vicsek et al., Novel type of phase transition in a system of self-driven particles, Phys. Rev. Lett. 75 (1995) 1226. 11. T. Vicsek and A. Zafeiris, Collective motion, Phys. Rep. 517
(2012) 71-140



Limiting problem

by considering sufficiently large region

o 15
a
f=T(a) p
Assume Discrete time model
P
2
b=«
p=T(a)
r O

(\O)



(\®)

hey
I
K

(\®)

6*

p=T(a)

(\O)

0, =T(6,)

(\O)

0.~T(6)=T(x/2-6)
2



6, =T(0)=T(x/2-6)

0, 0 0,
0,
91 9n+1 en
xn+1 xn
9n+l :T4(9n) e
;Z ) 9n+l — T4 (gn)

k‘xn+1 — G(gn b xn )
6*:stable

: 0 —0*(n—x)
Numerically true (Mimura et.al.)



[ ,,=T"@0,) > o
\xn+1 — G(Hnﬂxn)

e
g 0

2

"roP- Suppose is stable.

If o> [ =T(x), then for @ near &,

|G(0,x)-G(0,y)[<g|x—y]

holds for 0 < ¢ <1. g* =T*(6%),
0 — 0% x — x*(n—>0) x*=G(G* x*)

Unique existence of stable limit cycle



Remained problems

Discrete time model

T 9n+1 :T4(Hn) 6"3 6“2 " IB ) ’

) 2
0,
Oy p=a
n+ gn .
xn—i—l xn ﬂ B T(a)
I r &
5 T s T unsatisfactory
? Stability of @ , ? 2
Numerically true (Mimura et.al.) a Vi
ODE
MB model particle model

15. Ei, Masayasu Mimura and T. Miyaji, Reflection of a self-propelling rigid disk from a boundary, DCDS-A 2021, 14(3): 803-817
Special issue on recent topics in material, computer and life sciences. doi: 10.3934/dcdss.2020229



P Proposition[15]

(E)

(BC)



Relation between real phenomena and models

Real phenomena

more realistic but Discrete time model

complicated models 0",

(can not be analyzed,
many black boxes)

0,

9 ! en—i-l 9

—I_ xn+l xn

check experimentally

? ODE
particle model

MB model % ~
drift bifurcation
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models with black boxes

U , density of camphor expanding to water

generalization with black boxes

Rely on parts according to physical law

Corresponding to high molecular parts:
Generalize to vector values and treat as black box

particle model

Vs

drift bifurcation



-1 i (camphor) £ 7 L

U KPICERL-ERDERE

IR B ED<ER S (TR

EERICREEZEZDNDEH T
T5voRy I RIELT—RERZIC

Ei A A WNEE OEOMO KBRS (TR E: RERICK YRR FE?



7y TRy 7 RERS DR E

U, KRIZER-FEIHERICEET SR

ERANAEESNIGEEDEERORBEEMRL(FTRE: RERICKYIRIEATEE?
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Fquation of interaction

Theorem

Note:
Circle with radius



Motion of Interaction

Ex. m =2
(ellipse)

Apsis or minor axis

Prop.

Note:
appears in

then

MR DEIEZETZ N v £ IV
E. Nagayama, Kitahata, Koyano 2018



Motion of interaction : Mode 2

m=2
(ellipse)

minor axis

Note:
appears in



Motion of interaction : Mode 3

3
[
O0)



Repulsive interaction

experiment
repulsive

Fix centers



cxperiment
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Check of the stationary state

Aspect 3:4
Aspect b:6

Stationary
Self rotating



Interaction of two camphors

angle

time



Check of the stability 1)

Arbitral initial states

angle

time



Check of the stability 2)

Adding perturbation

angle

time
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