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- Hardy RT 02w )l (BE2F|/ATUOvIL) ZHSFER

(¥6FF2) Au+ —u=0

alTarA—AER

(N—2)2/ [u(@)”

Hardy ODAREFI: 1

< |Vu(zx)|?dx
RN

Ry |x|?

(A = Aut

BEAREN u; = Au + uP OFEFETORIAL
730 EENDESHEMUYE

- BNBRFERT VO vILEH S BATER

us = Au + V(z,t)u, x € RV \ {£(t)}.
RTFUOvILVIIEES () 2RO RETS.
V(x,t) > oo as x — £(1)

Pz 1E
A

|z — &)+

V(x,t) = A, > 0.

| V(1)
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1 BRNIERE
1.1 Hardy RTrIvILz#S5EAEAER

(E) Au + ﬁu =0, x € RV \ {0}.
x
. R
N >28REL, ulr) =r=, r = |z| LEVWTHRATR L
A N -1 A
A’U,—I——’U,:’U;m«—f- U, + —SU
|z |? r r2

={a®— (N —2)a+ A}r 2
L7chi>T
o> — (N —-2)a+A=0

o A1 —BEMSAERNOFERIEN
DEZE, u(r) =r *F(E) 2HicT.

_ 9)\2
 SEROBE: A< = 2
BHEAERIZ 2 DDOEEE
0<an(A) < —= < as(A\) <N — 2

15, LIh>T(E) ICIFMII% 2 DDfE
u = Clz|™™ (BFVWREMZFORE)
u = C|x|™* (ELVFEMEZFORE)
NEETS.

_ o\2
EEROES A> = 2

(E) ICIFIEMERRIZTFTEL ALY



1.2 Hardy RT>vILZ# 585N

A
(P) wy :Au-l-Wu, x € RV \ {0}, N > 3.

P. Baras and J. A. Goldstein, The heat equation with a singular
potential, Trans. Amer. Math. Soc. 284 (1984).

(N —2)?

Ac MNEERHEFET BT-ODEFRMETHBcZmlik.

EIE 1.1 (Baras-Goldstein)

() A < A BSIXEEXEBDEFEETS.
(i) A > A BRSIXEERIIFEE LR,

.. SAEFAIFTRILF—iE¥ Feynman-Kac DARXICEK S .

Baras-Goldstein I&
o #JHAMERSRE D 7] A4
o IFERMOFME (BRDLE X ThH 5 DFHM)

ICTOVWTHTART. 2D, BHNRRERRTOvILDGEEDOVWT, &
<OBRETIAELNHS.



2 FLEFEM

2.1 RIERTE

8
[ﬁiﬁﬁ(t) HREE EBHICEBIK L EDIRDH? j

[ BBRRRT VO vl S BAARER]

w=Aut V(s tyu, xcBY\{£1)}

// - y I

ER)DECE, RTUIv IV (x, t) LB u(x, t) DEBEIEAIZTHE B3.

ur = Au + V(z,t)u(xz,t)

BEAXNLIRE
o V(x,t)lda # &£(t) ICDWTIEEDDERT, x| > 1ICHLTHR.

o V(x,t) —> 400 (x — &£(1)).
o L(t) I3t > 0ICDWVWTHER Y > 1/2 TANILE —&f: :

£(t) — &(s)| < CJt — s]7, t,s > 0.



2.2 {IHEA{ERIRE

uy = Au+ V(x,t)u, xRV \{&®)}, t >0,
w(@,0) = up(x) >0, xRV \ {£0))}.

(UATTIdz, t DEEZERL, FHHLHROHZHEDHHELT S.)

(IVP) {

FIEREIC R 3 B1RE
o up(x) Idx # £(t) ICDWVWTIEE D DESE
o ug(x) ld |z — £(0) > 1ICXFLTER

E#. =/ (Minimal solution, Proper solution)

BEn e NICRLT, VZERGERK
Vao(x, t) := min{V (x,t), n}.
TELUTS. Cord, ROMBEREICII—ENTERIMEETS.

{ut(w,t) = Au(z,t) + V,(x, t)u,
u(z,0) = uo(x) > 0,

C DELfEZ u,(x,t) L, HL
u(x,t) := le un(x, t), x # &(t),

HEETNL, u(x,t)IE IVP)DRERD. ChEm/IMREEWS.

SIMNBDEET 3101013 {u, ) PERTHNUT &L,
) EBURDF] {u,} 1 n oD WV T BTN



2.3 MROEFEE

(IVP) {ut = Au + V(z,t)u,

u(x,0) = uo(x) > 0,

DRNMEICDODWTIUATHEDILD.

~ EE2.1 (BIRDOEE)

VIEHB0< A< AN ER>0ICHLT

Ve < o 0<l—O] <R,

&(t)|?’
EH1TETE. b LIEEDNSS k < ax(\) + 21CHLT

ug(z) < Cilz — £(0)|7F, 0 < |z —&(0)| <R,
ZHEIE, IVP) ICIFRNMEDFELT

u(z,t) < Colz — £(8)|7NV 75, 0< |z —£@#)| <R, t >34,

EHTT. 1-120, €,6 > 0I3MEET, Co = Cy(c,0) THB.
\




2.4 TFE2.1 (RNMEDTFEE) DA

SEFRAD A
V@Jy:E%%éﬁma>mw%éﬁ%ihﬁ+ﬁT%%.
(Jz — &(t)| > RDOSDHFSIIEETHL.)

STEP 1: #HNGREEZHOSEORHKEZAETS.

STEP 2: (IVP) z&ffiZs (IFERLE;HEV) BoARERICERTS.

STEP 3: ¥4z HAVWT, BoAERADSERZEMT 3.

STEP 1: FRIGHFEM (£(t) = 0) IIX T B4FTkKER

vy = Av + v, x #£ 0,

DI IE v = v(r, t), r = |x|, &

N —1 A+ e
V=V + ——— U+ —
T r

v, r > 0.

xH1=T.

~ e (A5 B CAaLAE)

0<A+e<A0<k<a,+2&93L, {IHAEv(r,0) = r*IC
L, &R (5175 B SHE{LUR)

v(r,t) =t 2t Y%r), r>0,t>0,

PEETS. 1120 o(p) I&

( N —1

k A+ e
Ppp T

p
‘Pp+590p+590+ p2 ¢ =0, p > 0,

7\

p M 9p(p) = e >0 (p—0),
| PPe(p) > 1< 00 (p— 00),

=H1-9.
\

~




STEP2: o AEXANDZEH#
FIEBMER =R

{w = Bu+ V(@ t)u, u(@,0) = uo(x),
ZENCEHFEMBREDAER
u@,t) = [ Gla—yhusv)dy
+ /Ot - G(z —y,t — s)V(y,s)u(y, s)dyds,
ICE#T . =12 L G 1388

1 ||
G(:E, t) — (47rt)N/2 exp ( — 4—t).

TH>.

CCTa(z,t) := u(z + £(t),t), V(z,t) := V(x+ £(t),t) £HL
&, BEIDEHELEV) BHAER

a(z,t) = /RN Gz —y — &(t) + £(0), t)uo(y — £(0))dy
t ~
+ / Gz —y — £(t) + &(s),t — s)V(y, s)u(y, s)dyds,
0 JRN
rEFRDS. ((() BMATELEBSAEVOTIST3.)
CCT, &) DNIILAE—ERM B8~y > 1/2) &D

€(t) — ()| < Ct — s|" < |t — s|'/2

&b, t —s>0HNhEIFNIE

Glo —y— &) +€(5).t =) 2 G (2 —y. )

HEDIID. (c>0,0< 8 <€ 1IFEH
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STEP3: B0

RS
- t
aw,t) 2 [ <G (w —y, m) oy — £(0))dy
t t—s\ -~ _
[ [ 6 (2= vi) Vit ayds
=: w(x,t)

&0 (O I +—IILOFRFREERLBHET)

B 1 B ~ 1 B A+e _
wy > ——Aw+cVu=——Aw+c w
1+96 1+96 ly|?

Z18%. Lo TuT(x,t) :=cto(x + £(1), (1 +6)7 1) I

A+ e "
ly — &(t)|2

u;"ZAu+—|— +

xHIcT.

INE DAL {u,} DERDFENS. FTI-EHSHLEOERDS,
BmotEthsoFHENESNS. O
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2.5 R/MEORREMEDFE

(IVP) {ut = Au + V(z,t)u,

u(x,0) = uo(x) > 0.

~ EE2.2 (FEEDOTH SO
HBRAO<A< A ER>0ICNLT, RFUIvILVH

Vz,t) > 0<|z—&() <R

A
|z — &(t)|%
AT 93. o, IVP) DR (b LEETNIIX)

u(z,t) > Clo — £(1)]" NV, 0< |z —€&(t) <R, t >4,

BT, 7:72Le,6 > 0IIEET, C = C(e,8) TH3.
\

SFRRIEIR 2.1 DEFBB L RIFRIC
STEP 1: #HAISSDUEZRHET 3.

STEP 2: (IVP) ZHELBRAAENICEIRTS.
STEP 3: 5% MEZER L TLRZERT 5.
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2.6 ARILYPEEICHTSEDIEEFE

(IVP) { ur = Au + V(z,t)u,

u(x,0) = up(x) > 0.

PIBMEICH T Rk < ax + 2 I3BBOEFEICH L THRENTH S.

~ B 2.3 (KELYPEMEICK T B DIEFEE) N
HBD0<A<ALER>O0ICHLT
A
V(z,t) > ma lx —&(t)| < R

PEDIDEIRETS. COLE, BLHBDEk > ax(\) +2ICWL T,
FIHER(ED

uo(z) > Clz — £(0)|7, |z —£(0)| < R

ZHI-EIE (IVP) ICBRIZTFEELEL.
\

SR, WIHAEIC T BIREZAWVS L
) i= | Glay,uay)dy
t
+ / G(z,y,t — s)V(y, s)u(y, s)dyds
0 JRN

ISR LT I[u] > ub|z — £(0)] < RTHDIID. LT Iu] ol
FHREEELBVOT, RIIBELRL.

~ % (BOREED LD S D) ~
EE23LFEILVICHTBRREDH LT, (IVP) DEEIX

u(x,t) < Clz — £(0)|~ =MV, [z —€£(0)| <R

xHIcT.
N
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2.7 —EH

(IVP) {ut = Au + V(z,t)u,

u(x,0) = uo(x) > 0.

~ 2.4 (BO—FMH) ~
HB0<A<K<AER>O0ICHLT,

A
OSV(w,t)S|— 0 <[z —£(t)] <R,
w_

£()[?
%&TC?(‘:?%- :0)(\:.3’ (IVP)0)2’30)ﬁ$u1, ’leb“

|u1(337t) - Uz(IB,t)| < Co|iB — E(t)l—az()\)—l-e’
0<[z—€&@#) <R, t>0

\%ijttﬂi, U1 = U2 —C%%.

SERA IS

C. Marchi, The Cauchy problem for the heat equation with a
singular potential. Diff. Int. Eqs 16 (2003), 1065-1081.

DHEZEETS.
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2.8 BEARDESE

(IVP) {ut = Au + V(z,t)u,

u(x,0) = uo(x) > 0.

~ EIE2.5 (BERAICE T BBOIEEFE) ~
HBEA>AER>0ICXLT

V(z,t) > e — &) <R

A
|z — &(t)[*
| EBREE, EERIEEELEV.

. HOERE
Il i= | Gla =y tyus(y)dy
+Atngm—y¢—an%@u@¢mMm
ERBEN LAV LETRT ..
STEP 1: AZ A —c < A < ABREFTLSICED. AT A LTBE
o(N) T (N — 2)/2TH%3. LEA->T, EEORERSERORIE
u(zx,t) > Clx — £(t)| "N -2/2+e, 0< |z—&(t)] < 1.

®H1-T.

STEP 2: 5L U N
Uz, t) > |o — &(t)|~N=2/2%, 0 <[z —¢&() <1,
ZHI-EE, EENGHREICED
IU] > U(z,t), 0<|z—¢&@)| <6,
r%. Lishi>T I[u] ICIEFESIITEE LA L. 0
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3 HEMDIEE
CDETIE

ur = Au + Lu
(IVP) T |z — £(8)12
u(z,0) = uo(x) > 0,

‘:OL\—C%i%- (J—X?ﬁ, Q1 = al(t), O — az(t) Z.’.?E%E)

RE
o £(t) I3t > 0ICDWVWTHER Y > 1/2 TANILE —&Ef.
e A(2) IFt > 0ICDOVWTERMAREETO < A(t) < A ZHIT.

e up(x) Ixx # £(0) ICDWTIHETER, |z —£(0)] > 1ICDVWTH
BT, B3k < az(A\) +2L R > 0L TRZEATT.

ug(z) < Chlz — £(0)|7F, 0 <z —£(0)] <R.

~ BIENDFER ~
(IVP) ICIIEERDFEL TUATZ2H7-7.

(i) RDEIZO0 < |z — £(t)| < RICXLT

Cilz — £(t)| D < u(z, t) < Colx — £(8)| "=,

(ii) IRTORERIF0 < |z — £(t)| < RICHLT

Cllw — €(t)|—a1(t)+€ S u(m, t) S Cz'ﬂl‘ _ g(t)l—az(t)—s.

(iii) 2 DD uy, ua B0 < |z — £(t)| < RICXFL T

lug(x,t) — ug(x,t)| < Colx — £(t)| 22D+

\%&TCﬁ‘i‘, U1 = Uus.
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3.1 FHER

- EE3.1 (BMROFEAR)
EBIEN
uo(@) = |z — £(0)|" 'V + O(Jz — £(0)|7@)  (z — £(0))

EH1EIE, THC, Cro, R > OBBEEL, 0 < |z — £(8)] < RIS
LT

Cilz — &)~ @] log |z — £(t)|| 7
< u(z,t) < Calz — £(t)| 7P| log |z — £(¢)]|7,

MO IID.
N

~ 3.2 GERNEDETE)
h(t) € C' 25X SNI-EQOBEKE T 3. MHRED

uo(x) = h(0)|z — £(0)|**© + h.o.t. as x — £(t)
%&TC'&‘::

u(x,t) = h(t)|z — &)= 4+ h.ot. as x — £(t)

k’ai3;%71:3'%2’@‘:1%’3.

~ 3.3 (FEMDSE)
B(t) >0%Zt>0IC2VWTERLTBHETS.

(i) BREHC, R > 0lxF L THEIZ
0 < u(z,t) < Clz—€@#)|7Y, 0<|z—¢&(@1) <R,
EHETEE, BLAR) < ax(t) B5IE, uldBRIMETHS.

(ii) HREHC, R > 0lcxt L T@EH

u(z,t) > Cle — £(t)| 7Y, 0<|z—£(1) <R,

ZH-TEE, BLAR) > ai(t) BBIEB(E) = ax(t) THD.
N

17



3.2 %

t

U(x,t) := N(N—2)|B|/ G(x—¢&(s),t—s)ds, = € RN, t> —1.
~1

eH<. (feEL | Bl I N RO ER) CERIBE, Ul

1
Ui = AU = o0 = 6(0),

U(x,t) = |z —&@)> N + h.o.t.
VU(x,t) = V|x — &£(@)|* N + h.o.t.
ZHICT.

(ZB — €(t)), t > —1.

U(x,t)

UIlIZE(t) DB ESHEGRERDESRIRICIENFEE LTHDATNS.

- R (BERROBER) ~
HIEFHC,R>0DFEL, 0< |z —£(1)| < RICHLT
U(z,t) — |z — €)Y
HPPINTTT 1 )
< Cla — (1) l%<“*m—aw|’
VU (@, t) + (N = 2)|z — £(8)| N (z — £(@t))| < Cle — &)~

RO IID.
_

J
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fiHiRE
[u(w, t) = U(z, t) V2 [$HRADEMRTH S . J

A(t)
Uy — Au — —————u
|z — &(t)]?
t o (t ! t aq (t
= (;1( )2>U(:13,t) Niz)_lUt + ]31( )ZU(a:,t) Nz logU
t oy (t t t aq(t
N —2 N—-2)\N -2
A(t) oy ()

Tle—eop O

CCT
U(z,t) = |z —&@#)]>Y + h.o.t.,

VU(x,t) = V|x — £@t)|* N + h.o.t.
= (N —2)|z — &@)| N (x — £(t)) + h.o.t.,

*RAWB L
(3% (3 e
= —a(t) (0 (t) — N + 2) |z — £(t)] 22,

A ()39 = A1)z — (1)) F22

o m— E(t)?
I510, ai(t) ISR

o — (N —=2)a+A(t) =0

ap(t)

DIRTHS. UEED u(x,t) = Uz, t) v &

A(t) “ _o — ofle — ~2,,
L ) = ol - £(t)| )

ZHfcTDT, AEADALETHS.

up — Au — = o(|lz — £(t)|” ™

[]
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3.3 mRNMEDRRM
~ EE 3.1 (RDEDFEAIAK) ~
YIEAEDS

uo(z) = |z — £(0)| "V + O(|lz — £(0)|7?)  (z — £(0))
ZHIEE, FEDO< o < 1ICXHLTCy,Cs,, R > 0BFELT

Cilz — £(t)| V| log |z — £(t)|| 7
< u(z,t) < Calz — £(t)| 7P| log |z — £(¢) ]|,
0< |z— &) <R,

LD IID.
_ Y,
. BRIMEDENEHNEGETRMEZF OO E S hIIREA.
EBEL %
Lo := ¢ — Ap — V.
YE&HTS.
p € (0,p0) ICXHLTHY bATEEn, € C°RN x [0,T]) %
Np(z,t) =0 if 0<|z—¢&(t)] <p/2,
0 < mp(z,t) <1 if p/2 <|z—&(t)| <p,
Np(x,t) =1 if |z —&(t)| > p,
TE&L,
uF(a,t) = CEU (z, t) V2 {log(e + U(z, t)) }£7 £ be®n,(z, t)
EHL. FL0O<K< o<1, Cy>0,b,0>0IXEHTHS.
- 8 (BRRCSR) N
HBAEHO>0,b>1IC/LT, uti
Lut >0, Ly~ <0,
’LL_(-,O) S Uo S u+('30)7
TH1-7.
N\ Y,
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T 3.1 (RNEOHERAK) DEEEA
ut(z,t) := CEU (2, t) ¥ {log(e + U (x, t))}7 & be’n,(z, t)
BEBRELRTHZNS, HBEELD,
u”(z,t) < u(z,t) < ut(z,t),
EHETROEETS. &CTU OFHEDS
u*(z,t) = (C3'+o(1))|z—£(t)| " {log(e+U (, 1))} (z — £(1))
PEDIID. LENR->T, HE3FEHC,,Co,0, R > 0ICK LT, BEIE
Cilz — £(8)|7 | log |o — £(#)]|° < u(z, )
< Calz — &)V log |z — £(1)|]°,
0<|z—&@) <R,

xHIcT.
F-—EMCRNMEDOFHELD, CORIIRNMETHS. ]
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3.4 IJER/AE

~ B 3.2 GER/NMREDEFE)

h(t) e C'ZE5EZS5NIEOREEKETS. PIHAED k
uo(x) = h(0)|z — £(0)|"** + h.ot. (z — &(1))
A1,
u(x,t) = h(t)|z — &)Y 4+ h.ot. (x — £(t))
K7@2<7>~7°:3“ﬁ27<131%9. )

A1, CORITEERNENTEZFR>TWS.
2. CORIERDEZ T > 0ICBEVWTT, RIMENECERTES.
ER-X.PI)

w(m,t) = {k(t)lw — ()70 + hout., t€ [0,7],
’ O(|z — &(t)|~ @2, t € (r,T),

ZHI-ITBNEFETS.
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BAfluT & u %

ag(t)—¢

uF(x,t) := k(t)U (z,t) N2 + Uz, t) ¥2 £+ beln,(z, t),

TEHTS.
- W (BRY%8R) N

HIAIEHO>0,b>1IC/LT, uttu T

Lut >0, Lu~ <0,
u”(+,0) < ug < u'(,0),

xHT1-T.
N

TIE3.2 GERIMEDEE) DI

ut(z, ) EEDESICEDH B L, LBERLD,
u”(z,t) < u(e,t) < ut(z,t)

EH-TROBEETS. °CTU OFENS

as(t) ag(t)—e

u(x,t) — k(U (z,t) 2| = O(U(z,t) ¥27) (z — £(1))

DD, LMo T
u(x, t) = k(t)|z — &)~ + O(jz — £@)|7*=*) (2 — &(1))

z13%. []
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3.5 HEMYDHE

~ 3.3 WEMEDHE) ~
B(t) >0%Zt>0IC2VWTERLEHRCTS.

(i) HBBIEHC, R > 0l L TEY

0 < u(x,t) < Clz—£@#)|"Y, 0<|z—¢(1) <R,
Z#HETEE, BLAR) < az(t) B5IE, uwiZBRMRETHS.
(ii) HREHC, R > ol L T@EH
u(z,t) > Clz — &)Y, 0< |z —£&(t)| <R,

ZHTEE, BLAMR) > ai(t) for t > 0 B5IEB() = as(t)
ThH5.

iEFH. R > 0%Z+459/ha<kb,
t
u@,t) = [ G-y uwdy+ | [ Ga—yt=s)V(y. s)uly, s)dyds
RN 0 RN

ZHWS.

(i) FBHHD0 < t; <tz Eas(t) < Bo < B(t)ICHLT

u(z,t) > |z —E@)™*, 0<|z—E@W)| <R, ti <t <ty
B5id
u(z,t) > (1+e)|z—&@) ™, 0<|z—E@R)| <R, t; <t<ts.
CNZEDIRT E u(x,t) > (1 + )z — £(t)| 7P — co EBDFE.

(ii) D HDto > 0L a1(t) < Bo < as(t) ICXHFL T
u(z,t) > |z — €)™, 0<|z—€@)| <R, i <t <ty
AN SYF
u(z,t) < (1 —e)¥|le —&@)| P, 0<|x—E(#) <R, t; <t<ts.
CNERDET L u(z,t) < (L—e)"|z —£E@1)| P > 0 BRDFE. [
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xEH.

- BIRIENERORT OO YLV (z, t) IS L, EEENEETIDH
DERGZHSHICL, BOFHEEZER 1.

, A(t) . N
* ﬁ‘t—, V(w,t) = m@%é‘t—?b‘f, ﬁgwﬁﬁﬁﬂgﬂ:ﬁﬂk(\:’ %E

MOBSICED 2BRBICHEThS e ZBHSDIC L.

- UL EDFERICEWVWT, £(t) DANILA—IBE-DNy > 1/2%ZHKT K,
0 <A< AZRETEDHXREBENTHD CcZzRLE.

A(t)

. ﬂ%ﬁli, v < 1/27 V(m’t) — |£IZ _ £(t)|'u

(n>2)DFEFZHZS.
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4 Quick motion of £(t)
4.1 Formulation

In this section, we consider the potential
A

V = ’
|z — &(t)|~

where £(t) is v-Holder continuous.

Consider

(IVP) wE A T e

u(z,0) = uo(x) > 0,

where ug(x) > 0, #Z 0 is continuous and bounded on RY.

~ Solvability of (IVP)
If 4 = 2 and v > 1/2, then the following holds:

~

(i) If X > A, = (N — 2)?/4, there exists no positive solution of
(IVP).

(ii) If X < A, = (IN — 2)?/4, there exists a positive solution of
(IVP).
-

J

Question
What happens if 0 < v < 1/27 ]

If £(t) moves more quickly, the interaction of the potential

V (x,t) and the solution u(x,t) becomes weaker.

—

RN xr = ﬁ(t) <

26



4.2 Affected area of diffusion
Kan-Takahashi (2014) studied the equation
uy = Au + 6(x — £(t)), u(x,0) =0,

by assuming that

o 8(T) —€(1)
w = ltlTrlg (T — 1) #0
exists for some 0 < v < 1.
(T —t)w
30 @)

()] = AT = )" Hw| =00 (¢17T)

~ Kan-Takahashi (2014)
(i) if v > 1/2, then u(x, T') is asymptotically radially symmet-
ric.

(il) if 0 < v < 1/2, then u(x, T) is NOT asymptotically radially
symmetric,

as x — &(T).
-

~
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G(x,&(s),t) =

1 |z — &(s)]?
(4m(t — s))N/2 P ( T T4t — s) )

The influence of §(x — £(t)) to &(T) is

big if 0 < |z — &(s)| < 2(t — s)Y/2,
small if 2(t — s)Y/2 < |& — £(s)| < oo.

The case 1/2 < v < 1:

~ (T _ t)1/2
e (T — lf)7
£(t) &(T)
The case 0 < v < 1/2:
o~ (Tt~ (Tt
£(t) §(T)
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4.3 Main result

— A ,
(IVP) ws At T e

u(x, 0) = uo(x) > 0,

where ug(x) > 0, Z 0 is continuous and bounded on R¥.

Assume that £(t) is v-Holder continuous (0 < v < 1/2) almost

everywhere:
€(t) —&(s)| > Clz —s|", 0<s<t.

Define
pe = min {1/~, N}.

~ Solvability of (IVP) ~
(i) If © > p., then there exists no positive solution of (IVP).

(ii) If 0 < p < p, then there exists a positive solution that is

bounded in & € RY for every t > 0. )
-

EEOIE

Non-existence

1/~

A > A
A< A

. Existence

1/:N 1)2 v

Remark. If p > N, then |z — £(¢)|* € L} __,, so there is no

local

solution.
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4.4 Fractional Brownian Motion (FBM)

Assume that £(t) is a sample path of Fractional Brownian mo-

tion with the Hurst exponent H.

40

301

—H=0.8
| — H=0.2
—H=0.5

200 400 600 800 1000

-30
0

1-D fractional Brownian motion with the Hurst exponent H.

Examples of the fractional Brownian motion

- Widths of consecutive annual rings of a tree

- Values of the log returns of a stock

- Level of water in a river as a function of time

« Characters of solar activity as a function of time

- Temperature at a specific place as a function of time
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Fractional Brownian motion {B*(t)};>¢ with the Hurst expo-

nent 0 < H < 1 is a Gaussian process specified by

(i) BHE(0) = 0.

(ii) E[BH(t)] =0 for t > 0.

(iii) E[BY(t)B"(s)] = %(Itl2H + |82 — |t — s2H).
<0 fO< H<K1/2)

=0 if H=1/2) for s <0 < t.
>0 if1/2< H<1)

FBM has the following properties:

- Self-similar process (Fractal)
E[B"(Bt)’] = |B|*" E[B" ()]
E[B" (Bt)B" (Bs)] = |B]*" E[B" (t)B" (s)]

- Density function p(x,t) of FBM is given by

. |
p(z, )-—mexp T op2H )

ptthzH_lAp, :UERN,t>0,
p(z,0) = é(x), x € RV,

- H = 1/2 corresponds to the ordinary Brownian motion:
bt = 5 D.
- BH(t) is expressed as
t
BH(t) = T(H + 1/2) / (t — 5)H-124B1/2(g),

where dB'/?(t) stands for the white noise.

- Sample path is (H — ¢)-Holder continuous, but not H-Hdolder

continuous in ¢ > 0 almost surely and almost everywhere.

31



— A
(IVP) “ u+ﬁw—£@ﬂm%

’U,(CB, 0) — 'U'O(m) 2 03

Suppose that £(t) moves like FBM with the Hurst exponent
H > 1/2. Then Theorem 2.1 (Chern-Hwang-Takahashi-Y) im-
plies that there exists a positive solution if 1 < 2 or if © = 2 and

A < A¢, but no positive solution if 4 > 2 or if 4 = 2 and A > A..

Question
What happens if £(t) moves like FBM with 0 < H < 1/27 ]

Define
pe = min {1/~, N}.

~ Theorem 4.1 (Okada-Y, 2022)

Assume that £(t) is a sample path of FBM with the Hurst
exponent 0 < H < 1/2. Then for every t > 0, the following
holds with probability 1.

~

(i) If o > p., then u(x,t) = oo for all x € RN \ {&(¢)}.

(ii) If 0 < p < pe, then there exists C > 0 such that u(x,t) <
C for all (z,t) with |z — £(0)| +t > 6.
-

Non-existence

1/H

A > A

o X <A
;Ex1stence§

1/pJ 1)2 1
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4.5 Idea of the proof

The solution of

uy = Au + x € RV \ {£(8)},

@ — £

u(x,0) = uo(x),

can be expressed as the Feynman-Kac formula:
t
u(x,t) = Eg|ug(x + B(t)) exp(/ Az + B(s) — &(t — s)|7#ds) |,
0

where {B(t)}+>0 denotes the N-dimensional ordinary Brownian

Motion, and Epg[ - ] stands for the expectation with respect to

{B(1)}+>0-

\4

t>0

x + B(s)

a:—l:B(t)

Advantages of the Feynman-Kac formula:

- Explicit expression
- Probabilistic techniques are available:

Statistic properties of the (fractional) Brownian motion are

available.

Chebychev’s inequality, Borel-Cantelli’s lemma, ...
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- 1/2 < H < 1: Diffusion is faster than £(t)

20 §(t)
t=0 . :
£(0) t1/2

- 0 < H < 1/2: £(t) moves more quickly than diffusion.

t>0 30 . ,
é x + B(s)
L ————

£(0) t1/2
B(s) is negligible compared to £(t — s)

Then by the Feynmann-Kac formula,
w(z, 1) = Bp [uo(x + B(1)) exp (A /Ot z + Bs) — £(t — 5)| “ds)]
we have
u(z,t) ~ Ep [uo(m 1 B(t)) exp (A/Ot |z — &(t — s)|—uds)}

= Lule,t) ~ N — €] Ful, 1

Using this approximation, we can estimate u(x,t). This leads to

the proof of Theorem 4.1. []
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4.6 PDE approach

A
— A ,
(IVP) O

u(x,0) = uo(x) > 0.

We consider the case where £(t) moves irregularly, but is not

necessarily a sample path of FBM.

When £(t) is v-Ho6lder continuous with 0 < v < 1/2, then the
solvability of (IVP) is almost equivalent to that of

u; = Au + ,
(IVPO) [z — &(t)[~
u(x,0) = uo(x) > 0.

Since the solution of (IVPO) is given by

u@,t) = [ Gla—y us(y)dy

¢ A
+/0 o CE Ut |z — £(t)|»

where

1 x|?
G(Zc,t) = Wexp ( — F),

we must study the integrability of

t
I=/ G(x —y,t—s dyds.
o Jon CETHET D e
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In order to estimate the integral, we introduce the exit time

o(r), and the occupation time 7(r) in a Ball with radius r > 0.

- If [£(T) — £(t)| = |T — |7, then

o(r) =T1(r) = /.

- For FBM, it is known that H > 1/N, then

o(r) > r/H{loglog(1/r)} Y/ (2H)=2
7(r) < r'/H{loglog(1/r)}'*°

for small » > 0.

Define
pe := min {l, N }.

~ Theorem 4.2 ~
(i) Assume 7(r) < Cr! for some C > 0and Il > 2. If p < p,
then there exists a positive solution of (IVP).

(ii) Assume o(r) > Cr! for some C > 0 and I > 2. If pu > p,,

then there exists no positive solution of (IVP).
N J

Proof. We use the exit time o(r) for a lower estimate of the

integral, and the occupation time 7(r) for an upper estimate. [
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4.7 Remarks

[ Remark on the methods |

+ Probabilistic method:
Advantage: More general class of initial data.
Disadvantage: Restriction to FBM of &(t).

« PDE method:

Advantage: More general assumptions on £(t).

Disadvantage: Restriction on initial data.

[ Related problems ]

A
(1) u=Au+ | E(t)|”u ... positive potential
m —
A
(2) w=Au+ | O ... inhomogeneous term
w —
A

(3) u=Au . negative potential

— u
[z — &(8)]~
When £(t) is v-Holder continuous with 0 < v < 1/2, we have

Existence for (1) ~ Boundedness for (2) ~ Positivity for (3)
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[ Critical case H = 1/2 ]

A
— Ayt
e O

where £(t) behaves like the ordinary Brownian motion (H = 1/2).

In this case, the diffusion and the Brownian motion are bal-
anced, and there must exist (N — 2)2/4 < X\, < A* < +o0 such
that

(i) if 0 < A < A4, then there exists a positive solution,

ii) if A > A*, then there exists no positive solution.
(ii)

The exact critical value(s) of A is unknown.

A« may depend on &(-).
For each £(t), A« may depend on t.

38



