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Researches on Biological Evolution:
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I have continued researches on biological evolution using mathematical models. Currently, I am

involved in the following two major projects:

Theoretical research: JST PRESTO, "Unified understanding of two major theories of biological
evolution”
Applied research: JSPS Grand-in-Aid for scientific research on innovative areas, "Replacement of

Neanderthals by modern humans: Testing evolutionary models of learning"

In the theoretical research (which is a single-researcher type project), the ultimate goal is to obtain the
unified understanding of inclusive fitness theory (IFT) and adaptive dynamics theory (ADT). The
project lies between biology and mathematics, with more focus on mathematics. This year I have
mainly worked on ADT, to provide a mathematical framework to clarify convergence stability,
evolutionary stability, and evolutionary branching. Despite its history, we have found that
convergence stability might be more natural concept when we consider individual-based theoretical
models based on population genetics. [ want to understand evolutionary stability and evolutionary
branching more in depth in the following years.

In the applied research, I am involved in a large project on the evolution of human. Focusing on the
replacement of Neanderthals by Homo sapeins that was estimated to have occurred 50,000 years ago,
this large-scale multidisciplinary project is participated by researchers from a wide range of academic
fields. The research group consists of physical anthropologists studying fossil human bones,
archaeologists researching sites, brain scientists studying the learning ability unique to modern human,
paleoclimateologists calculating the ancient environment, cultural anthropologists studying modern
hunter-gatherers, and theoretical biologists analyzing mathematical models. We have found that the
schedule of learning (individual or social learning when young or mature) is a very important factor to

consider cultural evolution in human.
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The primarily purpose of this project was to provide a mathematical insight into the modern

crystallography, a typical practical science that originated in the classification of the observed shapes of
crystals. The tools we employed are adopted from algebraic topology, a field in pure mathematics
cultivated during the first half of the last century. More specifically the elementary theory of covering
spaces and homology is effectively used in the study of 3D networks associated with crystals. Further
we formulate a minimum principle for crystals in the framework of discrete geometric analysis, which
provides us with the concept of standard realizations, a canonical way to place a given crystal structure
in space so as to produce the most symmetric microscopic shape. In spite of its pure-mathematical
nature, this concept combined with homology theory turns out to fit with a systematic design and
enumeration of crystal structures, an area of considerable scientific interest for many years. Meanwhile,
standard realizations show up in asymptotic behaviors of random walks on topological crystals, the
abstraction of crystal structures, and are closely related to a discrete analogue of Abel-Jacobi maps in
algebraic geometry.

The outcome of this project was published in the paper “Lecture on topological crystallography”,
Japanese Journal of Mathematics, 7 (2012), 1-39. A full account will be given in the forthcoming book
“Topological Crystallography” published from Springer.
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Dynamics observed in
a reaction-diffusion system with

triple degeneracy
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There has been a lot of studies about spatiotemporal patterns and their dynamics to systems of
reaction-diffusion equations. Let us consider variations of bifurcations from a stationary solution.
Suppose this stationary solution is spatially uniform. Then we linearize the equation about this
equilibrium and we know a bifurcation occurs only if the linearized problem has zero- or purely
imaginary eigenvalues which we call critical eigenvalues. Moreover if this critical eigenvalue is 0 with
spatially non-trivial eigenfunction, a stationary bifurcation to non-uniform steady state occurs. One of
the typical examples for this is the well-known Turing instability. On the contrary, if the critical
eigenvalues are a pair of purely imaginary numbers with spatially non-trivial eigenfunctions, spatially
non-trivial oscillations may occur. The so-called wave instability corresponds to this.

Now what can we say about the bifurcations from a spatially non-uniform steady state? Since the
linearization about non-uniform steady states is not easy in general, we need to restrict ourselves to
some special cases. One of the possibility where we can calculate the bifurcations of non-uniform
steady state is to consider about the degenerate instability points.

We focus our attention to the case where the system has the triple degeneracy with 0, 1 and 2 modes
(0:1:2-mode interaction). We can, in fact, show that this type of triple degeneracy really occurs in
3-component RD system. And we found the case where the 1-mode stationary solution may become

unstable with a pair of
purely imaginary critical
eigenvalues. Moreover we
obtained the complete
condition for the Hopf
bifurcation  from  the

1-mode stationary 025

solutions. Thus we can g-(,;i 5
conclude that oscillatory |02 [
. . 01 F
solutions may bifurcate |03
. 025 [

from a non-uniform steady

state in 3 component RD
0

systems.

This is the joint work

with  Takashi  Okuda . . w50

(Takashi Sakamoto) in % 5000

Meterological college. Fig. caption:Periodic motion around 1-mode stationary solution in a RD system.
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