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Excitable media

* The system which has one stable rest state (monostable)
with small perturbations 1s called excited system.

Excitable

 Examples:

1. The axon of a nerve cell or neuron

2. The Belousov-Zhabotinsky (BZ) reaction

3. The predator-prey models of population dynamics
4. Cardiac cell etc.



Common Patterns in Excitable media
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Spiral Patterns in Nature
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What is the heart?
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Flow of blood:= inferior vena cava and superior vena cava (from the body) =
right atrium =»right ventricle=>» lungs = left atrium = left ventricle
=>» aorta (to the body).



Electrical Activities in Cardiac Cells

of contractile cells




Cardiac Conduction System
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Cardiac Action Potential
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Electrocardiogram (ECG/EKG)

Electrical signal on the surface of body as a
consequence of the action potentials inside the heart

R

Atrial

Eaaiola Atrial systole Atrial diastole

Ventricular diastole Ventricular systole Ventricular diastole

One cardiac cycle

Gordon (2013)

P wave: depolarization of the atria during atrial systole
QRS complex: depolarization of the ventricles during ventricular systole
T wave : repolarization of the ventricles during the relaxation phase

€ Normal Heart Cycle=70/min.



ECG abnormalities

p——10sec |
R R
PITPIT
(1) Normal ECG

R R R R
P zl\f’ P "J\fj P f\ P .P’\'? P F:quf.l\.
(2) Third-degree block

00110 0 J 0 A0 1 A N

(3) Atrial fibrillation

\WNAAANVWYNAMAASA AR

(4) Ventricular fibrillation

o aa

(5) Analyze this abnormal ECG. — gijyerthorn (2012), Fig. 14.15h



1D and 2D wave Patterns
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Fast-slow system

Many models in mathematical physiology have a system of differential equations:

—

e _ runvy: ue R

dt

SR T
—=g(u,v); v & R"”

| dt

Here € is very small time constant and tis a slow time

Now if we scaletime by  f=¢£7, ()<g<< 1, T, is a fast time

, then the above equations will take the form

f% R TRD
2) <

L e g(u.v)

dT ’




Fast-slow system

Now , if we take the formal limit &€ = O ,then (1) and (2) implies:

(0 = f(u,v) ,which is slow dynamics and solutions lie
1), - on the slow manifold (cubic curve)
© ﬂ =g(u,v) or critical manifold
| dt
[ du — F(u,v) ,wWhich is fast dynamics and we say for fixed
(2, - dr y, the equation <% _ F (1, v)
© dv dT
— =0
L dT is a fast dynamics or fast subsystem

Vi 2
Uy =0
As for example: /

FitzHugh-Nagumo Equation:

cu=u(l-u)u-a)-v =

V=u-—yv




Hodgkin-Huxley Model (1952)

In order to describe the action potential propagation on squids (a large nerve cell)

v _ _ _
C, E = —gNam3h(v — V)~ gKn4(v V)-8, (v—=v, )+ Iapp

120 —
dm z ]
dt g 40
dh § 40 —_
= oo, =h) - B, & o
dt i
y I I I | |
" 0 5 10 15 20
E =q, v)1-n)- /J)n (v)n time (ms)
1.0 —
where “v”is the membrane potential (fast variable), 3 o8- e
“m” is the sodium activation variable (fast variable), @ 0'6_ h(t
“h” is the sodium inactivation variable (slow variable), g 0.4— t
“n” is the potassium activation variable (fast variable). = 0'2_ -
g o

m, n, and h are called gating variables, ]appis the applied current 0.0 —
Cm is the membrane capacitance, V..,V.,V are constant

equilibrium potentials and the other parameters are constant. time (ms)
Keener and Sneyd (2010)
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Noble Model (1962)

(For the Cardiac Cell Dybnamics)

20
Based on the Hodgkin-Huxley model Noble in > 0 L
1962 proposed the first physiological model for 3 20—
the dynamics of Purkinje fiber cardiac cells. g 40—
£ -60 —J
-80 —
| | | |

The main motivation with the Noble model 0 500 1000 1500 2000
was to have a prolong plateau phase in the Time (ms)
action potential. Keener and Sneyd (2010)

Several lonic Models: McAllister et al. (1975); Beeler and Reuter (1977); Sharp and Joyner
(1980); Ebihara and Johnson (1980); Luo and Rudy (1991); Winslow et al. (1993); Luo and
Rudy (1994a,b), etc.



Two-variable Reduction of HH Model
[FitzHugh’s Fast-Slow approach(1960,1961)]

Set h+n=0.8and m=m_(v).
This reduces to a two-variable fast-slow system as follows:

dv _ _ _
C, E =-gy. M, (vV)03-n)(v-v,, )- gKn4 (v=ve)-g,(v=v,)
dn
—=qa, (v)(1-n)-6 (v)n
=, (1=~ B, () .
80 —
e % 50
S 40 —
- 20 — J
O —_
action/ av/dt =0 |: | | | | | |
potential } 0O 2 4 6 8 10
0.0 — | , | , | , |
0 40 80 Time (ms)

v (mV) Keener and Sneyd (2010)



Two-variable FitzHugh-Nagumo Model
(Simplified HH Model)

AU =) —a) - v O<a<l/2
dt

O<e<<l
Y e(u—yv)
dt

u works like membrane potential and
v plays the role of gating variables

l,,=0 1

vV 08F uth
W:O 06
\ << 04F
0.2)
0 [ b d - - [

-0.4

u: fast activator (excitable) variable,
v: slow inhibitor (recovery) variable

L L L L L L L L L
0 100 200 300 400 500 600 700 800 900 1000

a=0.07,6=000Ly=20

Other two-variable models: Pertsov et al. (1984); Karma (1993); Panfilov and Hogeweg (1993);
Aliev and Panfilov (1996); Panfilov (1998); etc.



Goal

The purpose of this work is to study the
existence and stability of Periodic Traveling
Wave solutions (PTWSs) in the FHN model
and in a proposed variant of the FHN model.



Standard FitzZHugh-Nagumo model

u =d Au+u(l-u)u-a)-v O<a<l/2
O<e<<l]
v =d Av+e(u—-vyv
! Y ( )/) d >>d,

. .,

“u”: fast activator (excitable) variable, “v”: slow inhibitor (recovery) variable

“u” works like membrane potential and
“v” plays the role of gating variables
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Fig: Nullclines of the FHN model a=0.2,6=0.001,y=25,d,=0.05,d, =0.005



What is PTW solution?

Substituting u(x,#)=U(2) and v(x,t)=V(z), where Z=X—ct

is a travelling wave coordinate, in the model equations we have a system of ODE
of the form :

dU"+cU'+ f(U,V)=0
dV'+cV'+gU,V)=0

where ' denotesw.r.to 7

After reducing the first order the above system yields:

U'=P
P'=(-cP-f(U,V))/d,
V'=0

where ‘¢’ is the wave speed

Q'=(cQ-gWU,V))/d,

A PTW solution is a limit cycle solution of this ODE system.



Stability of PTWs

Again Substituting u(x,7) =U(z)andv(x,1) = V(z) where 2= X — CI
and neglecting the non-linear terms yields a linearized PDE :

J _
_ulin = D_zulin + ulin' AF
ot 0x

where ljilin (x,t) = ﬁ(xat) - U(Z) Again substituting Zilin ()C,t) = €Ml_j(Z)
We obtain the eigenvalue problem: p d2
3 =c LoD L (40 AF
dz dz

with boundary condition ﬁ(L) — ﬁ(O)exp(iy), for some y & R,

Where L is the period of the PTW, ¥ is the phase shift across one period of the wave, A f is the
Jacobian matrix of ( f(u,v), g(u,v)) along the PTW, D is the diffusion matrix, i is the
eigenfunction and 2 is the eigenvalue.

In order to understand the stability of PTWs our interest is
to calculate the essential spectra of the PTWs.



Eckhaus and Hopf Instabilities of the PTWs
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J. A. Sherratt,
Adv Comput Math
(2013)



Method of Continuation (FHN Model)

U'=p WheTe u(x,) = U(2)
1. 4-dim ODE system: "= (=cP =U(l - —
im system P =(=cP-U(1-U)U-a)+V)/d, ()= V(2)
V'=0Q
0'=(cQ-eU-yV))/d, ¢=x=cl
Qg 2 i g4, (<30 +2(1+ @)U —a)+v,, (~1) Where

2. Linearized PDE: ot " oxt u,, (x,1) = u(x,1)-U(z)

avl- (9 Vl Vlin(x7t) = V(x,t) - V(Z)
—at’” =d, ax2’” +u, (£)+v, (—€y)
3 F. t d . | bI - Ulin - Ulin
. Fir :
st order eigenvalue problem il m M
— =(A(z)+ AB)
dZ ‘/lin ‘/lin
Nlin Nlin
where ] ) [
0 1 0 0 ? 000
) —diu(—3U2+2(1+a)U-a) ;_j diu 0 . 4 0 0 0
- 0 0 0 1 and 0 0 0 O
¢ o & =€ 0 0 1 0
dV dV dv




Existence of PTWs as a function of the parameter “y”
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Stability of PTWs and Essentlal Spectra
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Since the curvature of the spectrum changes sign at the origin,

This indicate a stability change of Eckhaus type.
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Im(eigenvalue)
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Our proposed model

u =dAu+u(l-u)(u—a)-v O<a<1/2

O<e<<l1
v, =d Av+e(du(b-u)(u+c)-v) b >f

u: fast activator (excitable) variable, v: slow inhibitor (recovery) variable

a’b,c,d’g,du,dv are parameters; d >>d,
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Neuron and Cardiac Action Potentials
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Cardiac AP has a prolonged plateau phase lasting around 300 millisecond (ms) compared with
1 ms in nerves.

An action potential is a short-lasting event in which the electrical membrane

potential of a cell rapidly rises and falls



Action Potentials as a function of parameter ‘p”
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PDE Simulation
(Bifurcation Diagram)

225 T T
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215

max and min width of wave pulses
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b

The bifurcation point is found at b=1.0295.
Let us say this critical value b,

System size = Spatial period, i.e. L=1=25



max. and min. width of wave pulses

Bifurcation Diagram (L=50, 1=25)
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The bifurcation point is detected here at b = 1.0343. Let us say this critical value b2

So one can expect: bl < b2 < ceeens



Stable and Oscillatory Pattern of Solutions
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For Continuation Technique in the Proposed Model

U= p Where, u(x,) = U(z)
1. 4-dim ODE system: P'=(-cP-U(1-U)U-a)+V)/d, v(x,t)=V(2)
V'=0 ,
Z=X—Ct

Q' =(-cQ-e(dU(b-U)U +c)-V))/d,

aulin (9 ulln

—d, Ty, (307 4204 )U —a) v, (<) Where v

o or " ox’
2. Linearized PDS. ;2 Vi (2,8) = v(x,1) = V(2)
V.. v
—=d, — tu, (e(- —3dU* +2(db - dc)U +dbc)) +v, (-¢)
dt 0x
. . - Ulin - Ulin
3. First order eigenvalue problem: Iy Iy
“ lin — (A(Z)-FA.B) lin
dZ ‘/lin ‘/Zin
Nlin Nlin
where ' ' ' [
0 1 0 0 0 0 0
~ 1
—di(—3U2+2(1+a)U—a) d—c di 0 - 000
_ u u u A= !
A= 0 o o 1 |and 0 0 00
_ _ 1
Z8-3dU* +2(db-de)U +dbe] 0 £ =€ 00 -0
dv dv dv Y
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Stability of the PTWs Through Essential Spectra
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—— = Fast family with constant period
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Bifurcation Diagrams or Dispersion Curves
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Essential Spectra ( Eckhaus and Hopf instability)
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Essential Spectra in the different parts of a dispersion curve
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PDE Simulation as a consequence of the Hopf instability
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FHN vs m-FHN
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Thus in our model by controlling the parameter “b” we control the stability of solutions

The fast family with sufficiently large period always stable in the FHN model, whereas in our
model they crosses the stability boundary and this is responsible for the oscillatory pattern of
solution in the full PDE simulation



Spiral wave formation

b=1.05



Spiral pulses widths increasing as b decreased

Initial data




Calculation of Spiral Pulse widths and onset of oscillation
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Pulse width = |x1 —x2|
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lity of PTWs when “g -¢"
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PDE Simulation, when d, =0
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Spiral Dynamics, when d_v=0

Thus the stable spiral pattern
bifurcate to an unstable pattern

between b=1.1 and b=1.05



Summary

We have studied the stability of PTWs numerically
in FHN-type RD systems for excitable media

We found two types of instability in the proposed model:
Eckhaus type and Hopf type

The fast family is stable in the FHN model, whereas
it crosses the stability boundary in the proposed
model.

The alternans, i.e. the oscillation of pulse width, is a
consequence of the instability of PTWs.

The onset of spiral wave instability was observed as
a consequence of Eckhaus instability of the PTWs.

Thank you for your attention!!
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