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Competition, spreading: Lotka-Volterra type competition-diffusion
(1D habitat):

{ up = diy + nu(l —u—kv), xeR, t>0, (1.1)

Vi = davex + V(L —v — hu), x€R, t >0,

where all parameters are positive and
e u(x,t),v(x,t): population densities;
@ di, d»: diffusion coefficients;
@ k, h: competition coefficients;

@ ry, 1y intrinsic growth rates.
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@ Traveling waves front solutions:
e Tang-Fife (1980), Gardner (1982), Conley-Gardner (1984),
Kan-on (1995,1997)...etc
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@ Traveling waves front solutions:

e Tang-Fife (1980), Gardner (1982), Conley-Gardner (1984),
Kan-on (1995,1997)...etc

V(x-ct) U(x-ct) V(x-ct) U(x-ct) V(x-ct)
Ulx-ct) (u.v)(x,t) = (U, V)(z)
z:=x—ct

e Front-like entire solutions: Morita-Tachibana (2009)

A bird's eye view of u and v
The picture is adapted from Y. Morita and K. Tachibana An entire solution to the Lotka- Volterra competition-diffusion
egquations, STAM J. Math. Anal 40 (2009), 2217-2240.
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@ Asymptotic spreading speed:
e Weinberger-Lewis-Li (2002), Lewis-Li-Weinberger (2005),
Li-Weinberger-Lewis (2005), Liang-Zhao (2007,2010)...etc

e For example, if u is stronger than v,
tlim sup{[1 — u(x, )] + v3(x,t) : |x| < (c* —¢€)t} =0,
— 00
lim sup{[1 — v(x, t)]> + v?(x, t) : |x| > (c* +¢)t} =0,
t—o0

for any € > 0.

v(x,0) 1 v(x,t) u(x,t)

1
NV =

}o<u(x,\o))( c \ C\x
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v(x,0)

u(x,0)

@ How to describe the spreading of two species in 1D?
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Spreading front as a free boundary

e Du and Lin (2010):
ur = duy + u(a— bu), 0 < x < h(t), t >0,
ux(0,t) =0, u(h(t),t)=0, t >0,
H(t) = —pux(h(t), t), t >0,

t Spreading front
W (t=0) nitial ;4o x=h(®)
uo(x) <
u(h(®),t)=0
X X
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e Du and Lin (2010):
ur = duy + u(a— bu), 0 < x < h(t), t >0,
ux(0,t) =0, u(h(t),t)=0, t >0,
H(t) = —pux(h(t), t), t >0,

t Spreading front
W (t=0) nitial ;4o x=h(®)
uo(x) <
— u(h(®),t)=0
X X

ho

ho

@ (A spreading-vanishing dichotomy) Every solution either
e Spreading: lim;_ o0 h(t) := hoo =00 and u — a/b as t — o0
or
e Vanishing: ho < (7/2)y/d/aand u— 0ast — oo
e h(t) = (co+ O(1))t as t — o0, cp is called the asymptotic
spreading speed
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Appl. Math): Singular limit analysis
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e Hilhorst, lida, Mimura and Ninomiya (2001 Japan J. Indust.
Appl. Math): Singular limit analysis

e Bunting, Du and Krakowski (2012 NHM): " population loss”
at the spreading front.

Enter: E:=  d1|Vxu|At x (surface area of {x = s(t)})
= d|VeulAt x Noy[s(t)]V

x| = s(t)

|x] = s(t + At)
E—-1L

lima 20 RT = 0

> | V| = ks'(t)

Loss: L:= k x-(volume of the region) = k[wn(s(t + At)N —s(t)V)]



The minimal habitat size for spreading in a weak competition system with two free boundaries

LSpreading front as a free boundary: two species case

|l Spreading front as a free boundary: two species case

e Guo and Wu (2014):

s'(t) = —paux(s(t), £)

ux(0.t)=0 wg )= ~pavle )

v«(0.t) =0 Vo =

X
S0 Op

@ Two species have their own spreading front.

@ Two spreading fronts may intersect each other.
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e Guo-Wu (2014) study the following problem (P) with
0 < k <1< h (u is superior competitor):

up = ditg + nu(l —u—kv), 0<x<s(t), t>0,

Vi = davex + pVv(L—v — hu), 0<x<o(t), t>0,

ux(0,t) = v (0,t) =0, t >0,

u=0 forx>s(t)andt>0; v=0 forx>o(t)andt >0,
s'(t) = —prux(s(t), t); o'(t) = —pavk(o(t), t) for t > 0,
(5,0)(0) = (50,00), (1, V)(x,0) = (115, 0)(x) for x € [0, ),



The minimal habitat size for spreading in a weak competition system with two free boundaries

LSpreading front as a free boundary: two species case

|l Spreading front as a free boundary: two species case

\"
(M) 0<k<i<h (ID) o<kh<1 (IID h.k>1 3 (IV) o<h<1<k

(0.1

ol 4l ¥ ol » ol
@) g ,0) U « wo U (1,0) u

u is the winner coexist Bistable case v is the winner

@ In ODE sense: u always wipesout v if 0 < k <1< h.

@ Guo-Wu (2014): The inferior competitor v can survive if
0<k<1l<Ah!
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@ Question: does there exist the minimal habitat size for
spreading of v?

@ We do not know if 0 < k <1 < h!

@ Yesif 0 < h k <1 (Wu, 2014).

e Given d;, ri (i =1,2), h and k (the parameters in u and
v-equation), there exists syin in the sense that it is the
minimal value such that sy > smnin guarantees the spreading of

u, regardless of g, ug, vp and pu;, i = 1,2, but it can vanish
eventually if sp < Smin.



The minimal habitat size for spreading in a weak competition system with two free boundaries

LSpreading front as a free boundary: two species case

|l Spreading front as a free boundary: two species case

Question: does there exist the minimal habitat size for
spreading of v?

We do not know if 0 < k <1 < h!

Yes if 0 < h,k < 1 (Wu, 2014).

Given dj, ri (i =1,2), h and k (the parameters in u and
v-equation), there exists syin in the sense that it is the
minimal value such that sy > smnin guarantees the spreading of

u, regardless of g, ug, vp and pu;, i = 1,2, but it can vanish
eventually if sp < Smin.

Smin: the minimal habitat size for spreading of u.
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@ Hereafter, we always assume (H): 0 < h, k < 1.
@ Let s = limi 00 5(t) and oo = lims_00 (1)

@ We introduce the following four quantities:
/d1 d 1
\/7
/d2 b 1
r \/1 —

@ 5. < s"and o, <o*.
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@ (Vanishing) The species u vanishes eventually if s, < +00
and

lim lu(-, )l c(jo,se))) = O

t——+00

e (Spreading) The species u spreads successfully if soo = +00
and the species u persists in the sense that

liminf u(x,t) >0
t—00

uniformly in any bounded interval of [0, c0).
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Assume (H). Then the followings hold:

(i) If sso < ss, then u vanishes eventually.

(ii) If sso € (s«,s*], then u vanishes eventually and v spreads
successfully.

(i) If sso > s*, then u spreads successfully.

_ u vanishes
u vanishes y gpreads U spreads
- Soo
Sx 5
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Assume (H). Then the followings hold:
(i) If 000 < 0%, then v vanishes eventually.

(ii) If 0o € (0«,07"], then v vanishes eventually and u spreads
successfully.

(iii) If oo > o™, then v spreads successfully.

v vanishes

v vanishes spreads _ V spreads
@

@& Oco
(0™ O—*




The minimal habitat size for spreading in a weak competition system with two free boundaries

L Main results

[11 Main results

Corollary (spreading-vanishing quartering)

Assume (H). Then the dynamics of (P) can be classified into four
cases:
(i) both two species vanish eventually. In this case, soo < s, and
Oco < 0%,
(ii) u vanishes eventually and v spreads successfully. In this case,
Soo < 57,
(iii) u spreads successfully and v vanishes eventually. In this case,
Oco < 0.

(iv) both two species spreading successfully.

) u vanishes v vanishes
uvanishes y spreads U spreads v vanishes ' spreads _ V spreads
* .- Soo ® ®
Sx S Ox o*

0o
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Assume (H). Then the followings hold:

(a) If sp > s*, then u spreading successfully, regardless of ugy, v,
00.

(b) If sy < s. and ||ugl| e~ is small enough, then u vanishes
eventually.

(c) If so < sy, ||uol|r is small enough and ooy > o*, then u
vanishes eventually and v spreading successfully.

) u vanishes v vanishes
uvanishes  spreads U spreads v vanishes ' spreads _ V spreads
* .- Soo ® ®
S S Ox o*

0o
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Assume (H). Then the followings hold:
(d) Ifoo < o, ||Wol|Lee is small enough and sy > s*, then v
vanishes eventually and u spreading successfully.

(e) Let sy € (sx,5*) and o9 > o* (so v spreading successfully).
Then the species u vanishes eventually with sy, € (s.,s*) as

long as h and 1 are small enough.
v
) u vanishes anishes
u vanishes  gpreads U spreads v vanishes Vuvsprleads v spreads
g - Soo ® e* Ooo

Sk ) O x o
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@ Recall that if s, > s*, then u spreads successfully.

@ Question: for any given d;, r; (i =1,2), h and k, the
parameters in u-equation and v-equation, does there exist a
Smin in the sense that it is the minimal value such that
S0 = Smin guarantees the spreading of u, regardless of og, ug,
vp and pj, i = 1,2, but it can vanish eventually if sp < Smin

@ If such sy, exists, we call it the minimal habitat size for
spreading of u.
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Theorem (The minimal habitat size for spreading of u)

Assume (H) and let d;, r; (i =1,2), h and k be given. Then there
exists minimal habitat size for spreading

Smin := min{§ > 0| u always spreads successfully if sy = §}

such that the species u spreads successfully, regardless of ug, vo,
oo and the parameters p;, i = 1,2 if and only if sy > Smin-

Furthermore,
T |di (1— hk
— = < Smin < s 2
2\/r1<1—k>—5"‘”—5 (32)
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regardless of ug, vy, oo and p;}.
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|deas of proofs

@ Define

A = {§> 0| u always spreads successfully if sp = 3,

regardless of ug, vy, oo and p;}.

@ A +# () since s* € A. Hence smin := inf A is well-defined.
e Claim: §€ A= s Aforall s> 35 (comparison).

e Claim: spin € A.

e Claim:

Using a contradiction argument.



The minimal habitat size for spreading in a weak competition system with two free boundaries
L Main results

[11 Main results

Corollary (The minimal habitat size for spreading of v)

Assume (H) and let d;, r; (i =1,2), h and k be given. Then there
exists minimal habitat size for spreading

Omin := min{6 > 0| v always spreads successfully if o9 = &}

such that the species v spreads successtfully, regardless of ug, vo, So
and the parameters p;, i = 1,2 if and only if 69 > Omin-

Furthermore,
7w |dr (1 — hk < <
2\ \1=h ) =min=7
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Theorem (Long-time behavior)

Assume that (H) and soc = 0oo = 00. Then for each | > 0,
. 1—k
A, e el B g — hk‘ =0
. 1—nh
A il vixt) = 1= hk' -

e lIteration scheme. Construct some suitable sequences {u,},
ip, v,, and V,.
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Theorem (Long-time behavior)

Assume that (H) and soc = 0oo = 00. Then for each | > 0,
. 1—k
A, e el B g — hk‘ =0
. 1—nh
A il vixt) = 1= hk' -

e lIteration scheme. Construct some suitable sequences {u,},
ip, v,, and V,.
@ For each | > 0,

u, <liminfu(x, t) <limsup u(x, t) < i,
t—+o00 t—+00

v, <liminfv(x,t) <limsupv(x,t) < v,
t—+o0 t—+00
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@ In the weak competition case, the larger initial habitat size the
species owns, the more benefit the species has for spreading.

o If v =0, we have syin = si, which is exactly the critical
length in single species established by Du-Lin (2010).

@ As h— 0, smin T s*. It means that the species u becomes
weaker, it becomes more challenge for successful spreading.
Similarly, we have such result for v.

& & o o
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Thank you for your attention!
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