














 

"Spatial propagation for nonlocal non-autonomous Fisher-KPP equation" 
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In this lecture we discuss existence results of travelling wave solutions and spreading speed for a non-autonomous 
Fisher-KPP equation with nonlocal diffusion. We prove that under suitable time averaging properties for the coefficients, 
the equation exhibits a definite spreading speed. We also study non-autonomous Fisher-KPP equation on a lattice and 
deduce from our analysis  some spreading phenomenon for some predator-prey systems on lattice. 
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Non-local diffusion

Discrete diffusion

On the lattice Z, individuals can jump from j to i with probability
p(j, i). Hence the density of population at i is given by

∂u(t, i)

∂t
=
∑
j∈Z

p(j, i)u(t, j)︸ ︷︷ ︸
Coming at i from any j

−
∑
j∈Z

p(i, j)u(t, i)︸ ︷︷ ︸
leaving i to somewhere

If p(j, i) = J(i− j) depends on the distance between the point j
and i, we get:

∂u(t, i)

∂t
=
∑
j∈Z

J(i− j)u(t, j)︸ ︷︷ ︸
discrete convolution

−

∑
j∈Z

J(j − i)

u(t, i)
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Non-local diffusion

Continuous version

The discrete lattice is changed to the line and the probability
transitions are given with the kernel J(x− y) from y to x.

Non-local heat equation

∂u(t, x)

∂t
=

∫
R
J(x− y)u(t, y)dy − u(t, x)

∫
R
J(y − x)dy

or equivalently,

∂u(t, x)

∂t
=

∫
R
J(x− y)

(
u(t, y)− u(t, x)

)
dy.
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Non-local diffusion

Non-local heat kernel

If J has a unit mass, the fundamental solution K(t, x− x′) is
given by:
• Using Fourier transform:

K̂(t, ·)(ξ) = et(Ĵ(ξ)−1).

• Using exponential etJ∗·:

K(t, x) = e−tδ0(dx) + Ψ(t, x) with Ψ(t, x) = e−t
∞∑
k=1

t

k!
J∗k(x)

The solution with initial u0 reads as

u(t, x) = e−tu0(x) + rather smooth fonction.

A. Ducrot 6/44
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Fisher-KPP equation

Fisher-KPP equation with nonlocal diffusion

∂tu(t, x) =

∫
R
J(x−y) [u(t, y)− u(t, x)] dy+f(u(t, x)), t > 0, x ∈ R,

where f(0) = f(1) = 0, f is KPP type, that is:
f is smooth, f(0) = f(1) = 0 and 0 < f(u) ≤ f ′(0)u for
u ∈ (0, 1).
Typical example: f(u) = u(1− u).

KPP Monostable

A. Ducrot 7/44
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Fisher-KPP equation

Travelling wave solutions

Travelling waves: Special solution of the form

u(t, x) = φ(x− ct)

which connects the stationary solutions 0 and 1
φ is the profile and c is the wave speed
Wave profile equation: φ = φ(z) satisfies
∫
R
J(y) [φ(z − y)− φ(z)] dy + cφ′(z) + f(φ(z)) = 0, z ∈ R

φ(−∞) = 1 and φ(+∞) = 0.

A. Ducrot 8/44
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Fisher-KPP equation

Travelling wave solutions for thin tailed kernel

• Wave profile φ satisfies{∫
R J(y) [φ(z − y)− φ(z)] dy + cφ′(z) + f(φ(z)) = 0,

φ(−∞) = 1 and φ(+∞) = 0.

• At the leading edge φ ≈ 0 and∫
RK(y) [φ(z − y)− φ(z)] dy + cφ′(z) + f ′(0)φ(z) ≈ 0.

For φ(z) = e−λz, with λ > 0 we get:∫
R
J(y)[eλy − 1]dy − λc+ f ′(0) = 0.
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Fisher-KPP equation

Known results: travelling waves

Theorem (Schumacher 1980; Carr, Chmaj 2004;...)
If f is of KPP type and J is a thin-tailed kernel, that is
∃β > 0,

∫
R e

β|y|J(y)dy <∞, there exists a travelling wave
solution with speed c if and only if c ≥ c∗. The travelling wave
solution is unique up to translation. The minimal wave speed c∗

is characterized by

c∗ := inf
λ>0

λ−1
(∫

R
J(y)[eλy − 1]dy + f ′(0)

)
.

• Monostable type: Coville, Dupaigne 2007; Liang, Zhao
2007; Yagisita 2010; Fang, Zhao 2014;...
• Bistable or Ignition type: Bates, Fife, Ren, Wang 1997;

Chen 1997; Coville, Dupaigne 2005;...
A. Ducrot 10/44
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Fisher-KPP equation

Known results: spreading speeds

∂tu = J ∗ u− u+ f(u), t > 0, x ∈ R, u(0, x) = u0(x).

Theorem (Lutscher, Pachepsky, Lewis 2005; Liang, Zhao
2007;...)
Assume that J is thin-tailed and symmetric. If the initial data u0
is compactly supported, then there exists c∗∗ > 0 such that

lim
t→∞

sup
|x|≥ct

u(t, x) = 0, ∀c > c∗∗,

lim
t→∞

sup
|x|≤ct

|1− u(t, x)| = 0, ∀c ∈ [0, c∗∗).

c∗∗ is called the spreading speed and we have c∗∗ = c∗.

Remark: Non-symmetric kernel J : Xu, Li, Ruan 2021.
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Fisher-KPP equation

Our goal

Study the propagation for the non-autonomous problem

∂tu(t, x) =

∫
R
K(t, x− y) [u(t, y)− u(t, x)] dy + f(t, u(t, x)).

• Generalized travelling waves
• Spreading speed
• discrete convolution: Fisher-KPP on lattice
• Application for predator-prey system on lattice.

for simplicity we choose f(t, u) = µ(t)u(1− u).
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Fisher-KPP equation

Time periodic coefficients

∂tu(t, x) =

∫
R
K(x− y) [u(t, y)− u(t, x)] dy + f(t, u(t, x)).

∃T > 0 f(t+ T, u) ≡ f(t, u) of KPP type and thin-tailed kernel.
• Pulsating wave [Shigesada, Kawasaki, Teramoto 1986;
Alikakos, Bate, Chen 1999]:

u(t, x) = φ(t, x− ct), φ(t, ·) = φ(t+ T, ·),
φ(t,−∞) = 1 and φ(t,+∞) = 0, unif. for t ∈ R.

Figure: Pulsating wave
A. Ducrot 13/44
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Fisher-KPP equation

More general time heterogeneities

Definition (Berestycki, Hamel 2007, 2012; Matano 2003;
Shen 2004)
A generalized transition front connecting 0 and 1 is an entire
solution u = u(t, x) and an interface function X : R→ R s.t.

u(t, x+X(t))→

{
1, as x→ −∞,
0, as x→ +∞;

unif. for t ∈ R.

A. Ducrot 14/44
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Fisher-KPP equation

More general time heterogeneities

• Existence of generalized transition front [Shen, Shen 2016]

∂tu(t, x) =

∫
R
K(x− y) [u(t, y)− u(t, x)] dy + f(t, u(t, x)),

where f is of KPP type and K is a thin-tailed kernel.

A. Ducrot 15/44
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Fisher-KPP equation

More general time heterogeneities

Definition (Berestycki, Hamel 2007, 2012; Matano 2003;
Shen 2004)
A generalized transition front connecting 0 and 1 with interface
X is a solution u = u(t, x)

lim
x→−∞

u(t, x+X(t)) = 1 and lim
x→+∞

u(t, x+X(t)) = 0, unif. for t ∈ R.

Definition (Nadin, Rossi 2012; Shen 2011)
A generalized travelling wave solution u with speed function
c = c(t) ∈ L∞(R) is nothing but a generalized transition front
with a globally Lipschitz continuous interface function

X(t) =

∫ t

0
c(s) ds.

A. Ducrot 16/44
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Fisher-KPP equation

Least mean value and mean value

• Least mean value [Nadin, Rossi 2012]: for g ∈ L∞(R),

bgc := lim
T→+∞

inf
t∈R

1

T

∫ T

0
g(t+ s) ds.

• Mean value: for g ∈ L∞(R),

〈g〉 := lim
T→+∞

1

T

∫ T

0
g(t+ s)ds, unif. for t ∈ R.

Remark:
1 Some typical classes of heterogeneities admit a mean

value.
(e.g. periodic, almost periodic, so on...)

2 If g ∈ L∞(R) admits a mean value, then 〈g〉 = bgc.

A. Ducrot 17/44
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The problem

∂tu =

∫
R
K(t, x−y) [u(t, y)− u(t, x)] dy+µ(t)u (1− u) , (t, x) ∈ R2.

• Aim: existence of generalized travelling wave solution with
speed c = c(t) ∈ L∞(R).

• Wave profile φ(t, z) := u
(
t, z +

∫ t
0 c(s) ds

)
(if smooth

enough) satisfies

∂tφ−c(t)∂zφ =

∫
R
K(t, y)[φ(t, z−y)−φ(t, z)] dy+µ(t)φ(1−φ),

with

φ(t,−∞) = 1 and φ(t,+∞) = 0, unif. for t ∈ R.

A. Ducrot 19/44
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Assumptions

Assumption:

µ ∈ L∞(R) and inf
t∈R

µ(t) > 0.

Assumption:
(i) K is nonnegative and K ∈ L1

y(R, L∞t (R)).

(ii) (Thin-tailed) For some λ > 0,∫
R
‖K(·, y)‖∞eλydy <∞.

(iii) lim sup
λ→abs(K)−

∫
R ‖K(·,y)‖∞eλydy

λ =∞, where

abs(K) := sup
{
λ ≥ 0 :

∫
R ‖K(·, y)‖∞eλy dy <∞

}
.

A. Ducrot 20/44
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Linear determination of speed function

• Linearized equation

∂tψ−c(t)∂zψ−
∫
R
K(t, y)[ψ(t, z−y)−ψ(t, z)] dy−µ(t)ψ = 0.

• Ansatz
ψ(z) := e−λz, λ ∈ (0, abs(K)).

• Derive

c(t) = c(λ)(t) :=

∫
RK(t, y)[eλy − 1] dy + µ(t)

λ
, λ ∈ (0, abs(K)).

Lemma (Decreasing property)
There exists λ∗ ∈ (0, abs(K)) s.t.{

λ > 0 : ∃λ′ > λ,∀k ∈ (λ, λ′], bc(λ)− c(k)c > 0
}

= (0, λ∗).

Moreover, λ 7→ bc(λ)c is decreasing in (0, λ∗).

A. Ducrot 21/44



Introduction Travelling waves Spreading speed Fisher-KPP equation on a lattice and applications

Linear determination of speed function

• Linearized equation

∂tψ−c(t)∂zψ−
∫
R
K(t, y)[ψ(t, z−y)−ψ(t, z)] dy−µ(t)ψ = 0.

• Ansatz
ψ(z) := e−λz, λ ∈ (0, abs(K)).

• Derive

c(t) = c(λ)(t) :=

∫
RK(t, y)[eλy − 1] dy + µ(t)

λ
, λ ∈ (0, abs(K)).

Lemma (Decreasing property)
There exists λ∗ ∈ (0, abs(K)) s.t.{

λ > 0 : ∃λ′ > λ,∀k ∈ (λ, λ′], bc(λ)− c(k)c > 0
}

= (0, λ∗).

Moreover, λ 7→ bc(λ)c is decreasing in (0, λ∗).
A. Ducrot 21/44



Introduction Travelling waves Spreading speed Fisher-KPP equation on a lattice and applications

Results

Theorem (Existence)
For each λ ∈ (0, λ∗), there exists a generalized travelling wave
solution with speed function c(λ) ∈ L∞(R).

Remark:
(bc(λ∗)c,∞) ⊂ {least mean value of admissible speed}

Theorem (Nonexistence)
Set c(λ)(t) :=

∫
RK(t, y)eλyy dy. There is no generalized

travelling wave solution with speed function c ∈ L∞(R)
satisfying

bcc < bc(λ∗)c.

A. Ducrot 22/44
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Minimal wave speed

Corollary
If K(·, y) for each y ∈ R and µ(·) admit a mean value, then we
get

c∗ := bc(λ∗)c = bc(λ∗)c

and

{least mean value of admissible speed} = either (c∗,∞) or [c∗,∞).

Open question for the mean value c∗.
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Sketch of proof of existence theorem

• For λ ∈ (0, λ∗),

Super-solution: φ̄(t, z) := min
{

1, e−λz
}
,

Sub-solution: φ(t, z) := max
{

0, e−λz − eb(t)e−(λ+h)z
}
,

where h > 0 and b ∈W 1,∞(R).

• The solution un(t, x) of Cauchy problem{
∂tu(t, x) =

∫
RK(t, y) [u(t, x− y)− u(t, x)] dy + µ(t)u(1− u),

u(−n, x) = φ(−n, x−
∫ −n
0 c(λ)(s) ds).

• Regularity estimates for {un}n≥1: Lipschitz estimates
obtained by the comparison principle.
• passing to the limit n→∞

A. Ducrot 24/44
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The problem

Aim: Study the spreading speed for the problem:

{
∂tu =

∫
RK(y) [u(t, x− y)− u(t, x)] dy + µ(t)u (1− u) , t > 0, x ∈ R,

u(0, x) = u0(x), 0 ≤ u0 ≤ 1, u0 6≡ 0, and compact support.

Assumption: The function µ is uniformly continuous, bounded,
and inft≥0 µ(t) > 0.

Assumption:
The kernel K : R→ [0,∞) is continuous, integrable and

(i) ∃α > 0 s.t.
∫
RK(y)eαydy <∞.

(ii) K(0) > 0.
(iii) bµc > K :=

∫
RK(y)dy.

(iv) lim sup
λ→abs(K)−

∫
RK(y)eλydy

λ =∞.

A. Ducrot 26/44
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Linear determination of speed function

• Similarly, introduce

c(λ)(t) :=

∫
RK(y)eλydy −K + µ(t)

λ
, λ ∈ (0, abs(K)).

• There exists λ∗ ∈ (0, abs(K)) s.t.

bc(λ∗)c = inf
λ∈(0,abs(K))

bc(λ)c.

• bµc > K =⇒ bc(λ∗)c > 0.
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Main results

Theorem
Let u be a solution with a compactly supported initial data
0 ≤ u0 ≤ 1. Then we have

(i) lim
t→∞

sup
x≥

∫ t
0 c(λ

∗)(s)ds+σt

u(t, x) = 0, ∀σ > 0,

(ii) lim
t→∞

sup
x∈[0,ct]

|1− u(t, x)| = 0, ∀c ∈ [0, bc(λ∗)c).

Remark:
• If the coefficients admit a mean value, then one has

1
t

∫ t
0 c(λ

∗)(s)ds→ bc(λ∗)c as t→∞. We obtain the exact
spreading speed bc(λ∗)c.
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Main results

Theorem (Slower exponential decay initial data)
Let u(t, x) be the solution with an initial data u0, 0 ≤ u0 ≤ 1,
u0 6≡ 0 and such that u0(x) ∼ Ce−λx as x→∞ for λ ∈ (0, λ∗).
Then

(i) lim
t→∞

sup
x≥

∫ t
0 c(λ)(s)ds+σt

u(t, x) = 0, ∀σ > 0;

(ii) lim
t→∞

sup
x∈[0,ct]

|1− u(t, x)| = 0, ∀0 < c < bc(λ)c.

Remark: symmetrical argument yields the spreading properties
to the left.
Different decay rates can be considered in the two sides:
→ different speeds of propagation.
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Lower wave speed estimate: a key persistence lemma

Lemma
Let u ∈ BUC([0,∞)× R) be the solution. Define the limit set
ω(u) by ũ ∈ ω(u) if we have {(tn, xn)} with tn →∞ and

u(t+ tn, x+ xn)→ ũ(t, x), loc. unif. for (t, x) ∈ R2, as n→∞.

Let X = X(t) : [0,∞)→ R+ continuous and assume that
(H1) lim inf

t→∞
u(t, 0) > 0;

(H2) ∃ε > 0 s.t. lim inf
t→∞

ũ(t, 0) ≥ ε, ∀ũ ∈ ω(u) \ {0};

(H3) lim inf
t→∞

u(t,X(t)) > 0.

Then for any k ∈ (0, 1), one has

lim inf
t→∞

inf
0≤x≤kX(t)

u(t, x) > 0.
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Remarks on the persistence lemma

• Examples of propagating path X(t): X(t) = ct,
X(t) =

∫ t
0 c(s)ds,...

• Without the thin-tailed kernel assumption.

• The proof of the persistence lemma is inspired by Ducrot,
Giletti, Matano (CVPDE 2019); Ducrot, Giletti, Guo,
Shimojo (Nonlinearity 2021).
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Fisher-KPP equation

The problem

We consider the problem for t ≥ 0, i ∈ Z:

d

dt
w(t, i) =

∑
j∈Z

J(t, j)[w(t, i−j)−w(t, i)]+µ(t)w(t, i)(1−w(t, i)),

with an initial data w(0, i) = w0(i) compactly supported.

We assume that:
• Assumptions for the non-negative kernel: J ∈ l1(Z, L∞(0,∞))
is symmetric, thin-tailed, inft≥0 J(t,±1) > 0. It has a mean
value and

λ−1
∑
i∈Z
〈J(·, i)〉eλi →∞ as λ→ abs(J).

• Assumption for t 7→ µ(t): uniformly continuous and has a
mean value.
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Fisher-KPP equation

Linear speed function

Approximation w(t, i) ≈ e−λ(i−X(t) with λ > 0 yields

λX ′(t) =
∑
j∈Z

J(t, j)[eλj − 1] + µ(t),

Define
cλ(t) = λ−1

∑
j∈Z

J(t, j)[eλj − 1] + λ−1µ(t)

and its mean value

cλ = λ−1
∑
j∈Z
〈J(., j)〉[eλj − 1] + λ−1〈µ〉.

Then there exists λ∗ ∈ (0, abs(J)) such that

λ 7→ cλ is

{
decreasing on (0, λ∗)

increasing on (λ∗, abs(J))
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Fisher-KPP equation

Spreading result

Theorem
If the initial data w0 is compactly supported then the solution
satisfies

lim
t→∞

sup
|i|≥ct

w(t, i) = 0 for all c > c∗ := cλ∗ ,

and
lim
t→∞

sup
|i|≤ct

|1− w(t, i)| = 0 for 0 < c < c∗.

Extend previous results Weinberger 1982; Liang and Zhao
2007; Fang, Wei, Zhao 2010; Cao and Shen 2017; Liang and
Zhou 2020, ...
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Fisher-KPP equation

Idea for the proof of the lower bound

• For the lower bound of the speed, we construct a suitable
sub-solution with small speed.

• Then coupling with dynamical system arguments and limiting
arguments. For limiting arguments, we have to take care of all
possible limit equations obtained by time shift t+ tn with
tn →∞.
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Application to predator-prey systems on lattice

Predator-prey systems

Aim: Study the spreading speeds for the prey-predator system
for t > 0, i ∈ Z

d
dtu(t, i) =

∑
j∈Z

J1(t, j)[u(t, i− j)− u(t, i)]

+r(t)u(t, i)
(
1− u(t, i)

)
−p(t)u(t, i)v(t, i),

d
dtv(t, i) =

∑
j∈Z

J2(t, j)[v(t, i− j)− v(t, i)]

+q(t)u(t, i)v(t, i)− ν(t)v(t, i),

u(0, i) = u0(i) and v(0, i) = v0(i), i ∈ Z.

• Prey: u = u(t, i) and Predator: v = v(t, i).

• Initial data u0 and v0 are both compactly supported.
All coefficients are uniformly continuous and uniformly positive;
all admit a mean value and inft≥0

(
q(t)− ν(t)

)
> 0.
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Application to predator-prey systems on lattice

Assumptions

As for the Fisher-KPP equation, we assume that the kernels
are:
Jk are nonnegative, Jk ∈ l1(Z, L∞t (0,∞)),
thin-tailed and symmetric, inft≥0 Jk(t,±1) > 0,
mean value and

λ−1
∑
j∈Z
〈Jk(·, j)〉eλj →∞ as λ→ abs(Jk).
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Application to predator-prey systems on lattice

Two linear speeds

• If v ≡ 0, then u satisfies

d

dt
u(t, i) =

∑
j∈Z

J1(t, j)[u(t, i− j)−u(t, i)]+r(t)u(t, i)
(
1−u(t, i)

)
.

Spreading speed:

c∗u := inf
λ∈(0,abs(J1))

λ−1
(∑
j∈Z
〈J1(·, j)〉[eλj − 1] + 〈r〉

)
.

• If u ≡ 1, then v satisfies

d

dt
v(t, i) =

∑
j∈Z

J2(t, j)[v(t, i− j)− v(t, i)] + (q(t)− ν(t)) v(t, i).

Spreading speed:

c∗v := inf
γ∈(0,abs(J2))

γ−1
(∑
j∈Z
〈J2(·, j)〉[eγj − 1] + 〈q − ν〉

)
.
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Application to predator-prey systems on lattice

Main results: slow predator case i.e. c∗u > c∗v

Theorem (Slow predator case)
Assume c∗u > c∗v. If the initial data are compactly supported then
(u, v) satisfies:
(i) lim

t→∞
sup
|i|≥ct

u(t, i) = 0, ∀c > c∗u;

(ii) for all c∗v < c1 < c2 < c∗u and for all c > c∗v one has:

lim
t→∞

sup
c1t≤|i|≤c2t

|1− u(t, i)| = 0 and lim
t→∞

sup
|i|≥ct

v(t, i) = 0;

(iii) for all c ∈ [0, c∗v) one has:

lim inf
t→∞

inf
|i|≤ct

v(t, i) > 0.
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Application to predator-prey systems on lattice

Main results: fast predator case i.e. c∗u ≤ c∗v

Theorem (Fast predator case)
Assume c∗u ≤ c∗v and (u0, v0) are compactly supported. Then
(u, v) satisfies:
(i) lim

t→∞
sup
|i|≥ct

[u(t, i) + v(t, i)] = 0,∀c > c∗u;

(ii) for all c ∈ [0, c∗u) one has:

lim inf
t→∞

inf
|i|≤ct

v(t, i) > 0,

0 < lim inf
t→∞

inf
|i|≤ct

u(t, i) ≤ lim sup
t→∞

sup
|i|≤ct

u(t, i) < 1.
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Application to predator-prey systems on lattice

Sketch of proof: comparision with F-KPP equation

Since u ≈ 0 implies v ≈ 0 we obtain

Lemma ( Pointwise estimates–(i) )
For each δ > 0, there exist Mδ > 0 and Tδ > 0 s.t.

v(t, i) ≤ δ +Mδu(t, i), ∀t ≥ Tδ, ∀i ∈ Z.

d

dt
u(t, i) =

∑
j∈Z

J1(t, j)[u(t, i− j)− u(t, i)] + r(t)u(1− u)− p(t)uv,

≥
∑
j∈Z

J1(t, j)[u(t, i− j)− u(t, i)] + r(t)u(1− u)− p(t)u(δ +Mu)

Hence u spreads faster than speed c∗u.
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Application to predator-prey systems on lattice

Sketch of proof

If c < c∗u and v ≈ 0 then u ≈ 1.

Lemma ( Pointwise estimates–(ii) )
Fix c ∈ [0, c∗u), for each α > 0, there exist Mα > 0 and Tα > 0 s.t.

1− u(t, i) ≤ α+Mαv(t, i), ∀t ≥ Tα,∀|i| ≤ ct.

d

dt
v(t, i) =

∑
j∈Z

J2(t, j)[v(t, i− j)− v(t, i)] + q(t)uv − ν(t)v

≥
∑
j∈Z

J2(t, j)[v(t, i− j)− v(t, i)] + v(q(t)− ν(t)− α−Mv), |i| ≤ ct.

KPP type equation on a growing domain |i| ≤ ct.
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Application to predator-prey systems on lattice

Thank you for your attention.
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"Ecocultural range-expansion model of modern humans in Paleolithic" 
 

Joe Yuichiro Wakano (Meiji University, Japan) 
 

Modern human range expansion and the resulting extinction or assimilation of archaic humans such as Neanderthals 
took place roughly 50,000 years ago. This phenomenon is recently very actively studied by using genetic methods such 
as ancient DNA analysis. In this talk, a reaction diffusion model is proposed with emphasis on archaeological and 
ecological aspects. Range expansion dynamics are studied as the traveling wave solutions in the system. 
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Self introduction of J. Y. Wakano and my memory of Mayan

 1998-2001 Ph.D student (Centre for Ecological Research, Kyoto Univ)
 Evolutionary game theory, models in behavioral ecology, etc.
 Japan Association for Mathematical Biology (JAMB), found in 1989

1989-1992 Chief: N. Shigesada,    1992-1994 Chief: M. Mimura

 2001-2007 post-Doc (Univ. of Tokyo)
 Pattern formation of bacterial colony
 2001 JAMB-SMB Joint Conference on Mathematical Biology（Hawaii, Hiro）
 2003 JSMB found (Japanese Society for Mathematical Biology）

Frequent visit to Mimura-sensei's lab at Ikuta Campus, Meiji University

 2004 Mayan became a professor at School of Science and Technology, Meiji Univ.
 His ambition: foundation of a new research area

 2007-2013 Specially appointed associate professor, Meiji Univ.

 Meiji Institute for Advanced Study of Mathematical Sciences (MIMS), found in 2007
 Daishin Ueyama (professor) and H. Izuhara (grad student)

 2008-2012
 Global COE Program "Formation and Development of Mathematical Sciences Based on 

Modeling and Analysis" （現象数理学の形成と発展） Leader: M. Mimura
 Mayan, Daishin, and I were central members to prepare the application
 Mayan looked so nervous before and after the interview. He looked so happy when we 

got a good news
 K. Ikeda  (post-Doc)



 2009-2012
 PRESTO (さきがけ) "Innovative model of biological processes and its 

development"
Mayan was one of advisory professors, and pushed me hard to win this grant

 Face-to-face lessons on how to talk, a treasure in my life

 2011  Graduate School of Advanced Mathematical Sciences, Meiji Univ
 Y. Tanaka (a grad student)

 2013  Interdisciplinary Mathematical Sciences, Meiji Univ
 Department of Mathematical Sciences Based on Modeling and Analysis （現象

数理学科）

 2013-2014 JSMB President: M. Mimura Chief: J .Y. Wakano

 2021 Mayan passed away

Zu J, Mimura M & Wakano JY (2010) The evolution of phenotypic traits in a predator-preysystem subject to Allee effect. Journal of 

Theoretical Biology 262:528-543

Wakano JY, Ikeda K, Miki T & Mimura M (2011) Effective dispersal rate is a function of habitat size and corridor shape: mechanistic 

formulation of a two-patch compartment model for spatially continuous systems. Oikos 120: 1712-1720

Scotti T, Mimura M & Wakano JY (2015) Avoiding Toxic Prey May Promote Harmful Algal Blooms. Ecological Complexity 21:157-

165

Self introduction of J. Y. Wakano and my memory of Mayan



Integrative research on the formative processes of modern human cultures in Asia

joint project of archeology, environmental sciences, cultural anthropology, and

mathematical modeling and analysis 
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Denisovan/
Neanderthals/
H. erectus

Neanderthals

Sapiens

Range expansion of modern humans

Second wave of out-of-Africa 100～50 Kya.

Empty 

Empty 
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sapiens

sapiens

sapiens

sapiens

Empty 

Empty 

Range expansion of modern humans

Extinction of archaic humans  ～30 Kya.



Range expansion of modern humans

Oppenheimer 2012
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Slon et al. (2018)

Pruffer et al. (2014)

Svante Paebo (2022 Nobel Prize)
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Bae et al. (2017, Science)
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Homo

erectus

Homo

sapiens

sapiens

250kya
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neanderthalensis

Cultural Evolution in Paleolithic

Upper Paleolithic transition  (上部旧石器革命）
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Spatial dynamics of genes (species)

vs

Spatial dynamics of culture

• Culture is not completely determined by genes (species)
– cultural inheritance is not identical to genetic inheritance

• "Modern humans"    by their DNAs

• "Modern humans"    by their behavior and culture

• Here we define modern humans by their DNAs, and aim to 
study how spatial dynamics of modern human culture are 
related to those of modern humans
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What makes cultural differences ?

learning hypothesis

• Innate (genetic) difference in learning ability
• Wakano & Miura (2014), Aoki & Feldman (2014), Lehmann et al. (2013), Aoki et 

al. (2012), … and much more

modern

humans
Neanderthals

smart ?? stupid ??
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What makes cultural differences ?

population size hypothesis

• Innate (genetic) difference in learning ability
• Wakano & Miura (2014), Aoki & Feldman (2014), Lehmann et al. (2013), Aoki et 

al. (2012), … and much more

• Small population results in low culture 
– Henrich (2004) claims that the loss of adaptive culture is triggered by 

decreased population size by using empirical data in Tasmania and 
analyzing mathematical models.

– population decrease ⇒ lower culture

– population increase ⇒ higher culture

– Many theoretical studies (Shennan 2001; Henrich 2004; Strimling et al. 
2009; Mesoudi 2011; Lehmann et al. 2011; Aoki et al. 2011; Kobayashi & 
Aoki 2012; Forgaty et al 2015)
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Positive feedback loop

between culture and population size 

• Low/high culture results in small/large population
– Previous studies

• Ghirlanda & Enquist 2007;  Aoki 2015; Gilpin et al. 2016

– Positive spiral
• population increase ⇒ higher culture ⇒ population even increases ⇒ ...

– Negative spiral
• population decrease ⇒ lower culture ⇒ population even decreases ⇒ ...

• Different states can appear in genetically homogeneous 
population.

• Previous models of positive feedback loop 
did not explicitly model spatial structure
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Single species model
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Model Assumptions 
• Culture of an individual is either skilled or non-skilled

– Newborns socially learn culture from a random individual of the same 
species at the same location

– Skill is lost at rate γ (bad memory, lack of practice)

– Non-skilled changes to skilled at rate δ (individual learning)

• Carrying capacity is increased when local population 
carries more skilled individuals
– Skill gives benefit to local population

– Population size hypothesis

• Individuals randomly migrate in 1-D continuous space
– modeled by diffusion equation

– migration of skilled individuals results in spatial spread of skills
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Reaction diffusion system

(single species case)
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Critical density of skilled, Z*
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Traveling wave solution (TWS)
competition between populations at "high" and "low" equilibriums 
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Special solution (invariant manifold)
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is a special solution of the system

This invariant manifold is globally attracting in PDE sense (maximum principle).

innovation-forgetting balance
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Bistable TWS




















)(
1

2

2

uM

u
ru

x

u
D

t

u

 








*)(

*)(
)(

ZZM

ZZM
ZM

H

L

/*Zu 

HMu 
LMu 0u

Reaction term dynamics

The direction of TWS is determined by the sign of 

322

/*

/* *11

3

1

6
11 






























 


















  

 Z

MM

MM
du

M

u
udu

M

u
u

HL

LH
M

z
H

z

M
L

H

L

e.g.) Allen-Cahn eq.



22

Traveling wave can progress in either direction
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The high equilibrium does not always win.
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Both high and low equilibria are locally stable.

9 skilled + 9 non-skilled 3 skilled + 3 non-skilled

18HM 6LM

Africa Asia
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When they start to randomly migrate,

high equilibrium (advanced culture) does or does not spread.

9 skilled + 9 non-skilled 3 skilled + 3 non-skilled

18HM 6LM

4*Z

Africa Asia
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When they start to randomly migrate,

high equilibrium (advanced culture) does or does not spread.

9 skilled + 9 non-skilled 3 skilled + 3 non-skilled

18HM 6LM

8*Z

Africa Asia
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Condition for high equilibrium to spatially invade 

low equilibrium 
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to transition to high carrying capacity

• or when skill is easier to obtain / harder to lose

• or when skill has larger impact on carrying capacity
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Two species model
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(additional) Assumptions
• Two species: modern humans and Neanderthals

• No innate difference in abilities of the two species
– the same learning ability, the same demographic ability

• Within each species, carrying capacity is increased when 
local population carries more skilled individuals

• Ecological resource competition between the two species
– weaker than intraspecific competition

– different species use difference niches with some overlap
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Lotka-Volterra type reaction diffusion system

(Neanderthal vs. modern humans)

)(
)(

1),(

)(
1),(

)(
)(

1),(

)(
1),(

222

2

12
222

2

2

2

12
222

2

2

111

1

21
112

2

1

1

21
112

2

1

ZNZ
ZM

bNN
rZZ

x
DtxZ

t

ZM

bNN
rNN

x
DtxN

t

ZNZ
ZM

bNN
rZZ

x
DtxZ

t

ZM

bNN
rNN

x
DtxN

t








 


















 


















 


















 















(Intraspecific) Carrying capacity









*)(

*)(
)(

ZZM

ZZM
ZM

H

L

Neanderthals

modern

humans

(Interspecific) Competition coefficient 10  b
niche overlap



30

)(
)(

1),(

)(
1),(

)(
)(

1),(

)(
1),(

222

2

12
222

2

2

2

12
222

2

2

111

1

21
112

2

1

1

21
112

2

1

ZNZ
ZM

bNN
rZZ

x
DtxZ

t

ZM

bNN
rNN

x
DtxN

t

ZNZ
ZM

bNN
rZZ

x
DtxZ

t

ZM

bNN
rNN

x
DtxN

t








 


















 


















 


















 















),(

),(
:),(

txN

txZ
txA

i

i
i 

2

22

2

)
1

1(),(
i

i
i

i
i

ii
N

x

N
Z

x

Z
N

DAtxA
t


















Global attractor exists:  ),(lim txAit

innovation-forgetting balance








 


















 











)(
1

)(
1

2

12
22

2

2

2

1

21
12

1

2

1

NM

bNN
rN

x

N
D

t

N

NM

bNN
rN

x

N
D

t

N





),(),( txNtxZ ii 



3131

/*z

HM

LM

LM /*z
HM

1N

2N

O

bM L /

bM L /

b

M
M

z
M L

HL 


*









When interspecific competition (b) is very weak



3232

H
L

L M
b

Mz
M 



*









/*z

HM

LM

LM /*z
HM

1N

2N

O

bM L /

bM L /

When interspecific competition (b) is intermediate



33

Spatial dynamics of population and culture

• Depending on initial distribution, various dynamics occur.

• For explanation, we initially set

Africa
space

Eurasia

Modern humans only,

high equilibrium
Neanderthals only,

low equilibrium

(For simplicity, we only consider cases when high equilibrium defeats low.)



Skilled densities (Z1, Z2) 

are not shown since we always

observed quick convergence to 

),(),( txNtxZ ii 
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Initial condition (t=0)

Africa Eurasia

Modern

Nean

d
e

n
s

it
y

African side (left)

No Neanderthals. Modern humans at high-skill-high-density equilibrium

Eurasian side (right)

Neanderthals at low-skill-low-density equilibrium. No modern humans.

𝑁1
𝑁2

𝑥



Modern Human

density
Neanderthal density
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interspecific competition, b

very weak                       intermediate

Neanderthals

Modern Humans



Very weak interspecific competition ⇒ assimilation scenario

Between the initial two states,
two additional states appear

(N, MH) = (low, high)  :  Final state, coexistence of the two species

(N, MH) = (low, low)    : Temporal state
This state can last very long at locations
very far away from the initial contact

Neanderthals

Modern Humans

Case A : very small b

Temporal symmetric coexistence might accelerate genetic interbreeding.
Final asymmetric coexistence might result in complete assimilation of 
Neanderthals by modern humans.



Intermediate interspecific competition  ⇒ Replacement

Between the initial two states,
one additional state appear

(N, MH) = (zero, high)  :  Final state

(N, MH) = (low, low)     : Temporal state
This state can last very long at locations
very far away from the initial contact

Case B : intermediate b

Finally, modern humans replace Neanderthals.
Local temporal coexistence persists long only at locations very far.
Limited genetic interbreeding is expected.

Modern Humans

Neanderthals
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The direction of the second wave:

bistable case

• Approximating a TWS trajectory by a 

line segment, we obtain 

• This yields the (approximate) 

condition for ‘high’ equilibrium 

spatially spreads:
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Numerics agree with these analytic predictions

linear

conjecture

speed

analytically approximated Z* value

for which zero-speed wave exits
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Comparison with archaeological data



EUP (Early Ahmarian) 
Tor Hamar G (n = 4291)

IUP  (Emiran)
Wadi Aghar (Kadowaki 2017)

(n = 317)

IUP-EUP
Tor Fawaz (n = 1494)

Late MP
Tor Faraj

(n = 767)

Early Epipaleolithic
Tor Hamar F (n = 4907)

new

old

Bladelets



Two dispersals of modern humans

Archaeological records from Levant to Europe

kyaHubrin 2015
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Emiran / 

Initial Upper Palaeolithic

Bachokirian

Bohunician

Proto-Aurignacian

Early Ahmarian

First dispersal 

(48ka）

Second Dispersal 

(42ka）



First Dispersal (Initial Upper Paleolithic)

45
Belfer-Cohen and Goring-Morris 

2007

Skrdla 2003 (Stranska skala)

Emiran（Levant） Bohunician（Europe)



Mellars 2011 (Nature, 479)

Second Dispersal（42ka）



Early Ahmarian

（Levant）
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Bordes 2006

(Le Piage level K)
Goring-Morris and Belfer Cohen 2006

Bladelet

Bladelet
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Summary

• A model of spatial dynamics of human population and culture

– Positive feedback loop between population density and culture

– Cognitive and demographic equivalence of Neanderthals and modern 

humans

– They interact through ecological resource competition

• High-density-high-culture equilibrium does not always spatially 

spread even if it is locally stable

• Raplacement of Neanderthals by modern humans is possible when 

ecological niche overlap is high (ML/MH<b<1)

• Range-expansion of modern human might have occurred in two 

major waves with different speeds

– “First” wave : Ecological invasion due to different niche utilization

– “Second” wave : Driven by high-density-high-culture equilibrium
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Thank you

Wakano JY, Gilpin W, Kadowaki S, Feldman MW, Aoki K (2018)  Ecocultural range-expansion 

scenarios for the replacement or assimilation of Neanderthals by modern humans

Theoretical Population Biology 119:3-14

Seiji 

Kadowaki



 

"Traveling wave solutions for a three-species diffusive competition system" 
 

Jong-Shenq Guo (Tamkang University, Taiwan) 
 

We shall discuss the existence and stability of traveling waves for a three-species diffusive competition system. 
This talk is based on some recent joint works with Karen Guo and Masahiko Shimojo. 
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§1. Introduction

Consider the following diffusive 3-species competition system
ut = uxx + r1u(1− u− a2v − a3w), x ∈ R, t > 0,

vt = vxx + r2v(1− b1u− v − b3w), x ∈ R, t > 0,

wt = wxx + r3w(1− c1u− c2v − w), x ∈ R, t > 0,

(1)

where u, v, w are the densities of three competing species.

r1, r2, r3 the intrinsic growth rates, and a2, a3, b1, b3, c1, c2
the interspecific competition coefficients are positive

the carrying capacity of each species is normalized to be 1

we assume the diffusivities of all species are equal to 1

Jong-Shenq Guo (TKU) ICMMA2023, MIMS, 10/31-11/2/2023 2 / 29
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Due to the normalization of the carrying capacities, that
a2 > 1(a2 < 1) means v is a strong (weak) competitor to u.

For example, {a2 > 1, b1 > 1} means u, v are strong
competing species, etc.

When b3 < 1 and c2 < 1, we have the semi-coexistence
state Eu

c := (0, vc, wc):

vc =
1− b3
1− b3c2

∈ (0, 1), wc =
1− c2
1− b3c2

∈ (0, 1).

It is also possible to have the co-existence state
E∗ := (u∗, v∗, w∗) with u∗, v∗, w∗ ∈ (0, 1).

Jong-Shenq Guo (TKU) ICMMA2023, MIMS, 10/31-11/2/2023 3 / 29
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Traveling wave solution

A traveling wave of (1) is a solution (u, v, w) of (1) in the form

(u, v, w)(x, t) = (ϕ1, ϕ2, ϕ3)(z), z := x− st,

for some constant (the wave speed) s ∈ R and some functions
(the wave profiles) {ϕ1, ϕ2, ϕ3}.
Problem: find unknown {s, ϕ1, ϕ2, ϕ3} such that

ϕ′′
1 + sϕ′

1 + r1ϕ1(1− ϕ1 − a2ϕ2 − a3ϕ3) = 0, z ∈ R,

ϕ′′
2 + sϕ′

2 + r2ϕ2(1− b1ϕ1 − ϕ2 − b3ϕ3) = 0, z ∈ R,

ϕ′′
3 + sϕ′

3 + r3ϕ3(1− c1ϕ1 − c2ϕ2 − ϕ3) = 0, z ∈ R.

(2)

Jong-Shenq Guo (TKU) ICMMA2023, MIMS, 10/31-11/2/2023 4 / 29
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Two asymptotic states:

(ϕ1, ϕ2, ϕ3)(±∞) = E±, (3)

where E± are two different constant states of (1).

The wave is called a monostable wave if one of {E±} is
unstable and the other is stable

It is bistable if both states E± are stable

When s > 0, we call E− the invading state and E+ the
invaded state. Roles are exchanged if s < 0.

Difficulty: comparison principle does not hold for 3-species
competition systems.

Jong-Shenq Guo (TKU) ICMMA2023, MIMS, 10/31-11/2/2023 5 / 29
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Mimura’s works on 3-species competition systems

Chen, Hung, Mimura, Tohma, Ueyama, Exact travelling wave solutions of three-species

competition-diffusion systems, DCDS-B (2012)

Chen, Hung, Mimura, Tohma, Ueyama, Semi-exact equilibrium solutions for three-species

competition-diffusion systems, Hiroshima Math. J. (2013)

Mimura, Tohma, Dynamic coexistence in a three-species competition-diffusion system, Ecol. Compl. (2015)

Contento, Mimura, Tohma, Two dimensional travelling waves arising from planar front interaction in a three

species competition diffusion system, JJIAM (2015)

Contento, Hilhorst, Mimura, Ecological invasion in competition-diffusion systems when the exotic species is

either very strong or very weak, J. Math. Biol. (2018)

Chang, Chen, Hung, Mimura, Ogawa, Existence and stability of non-monotone travelling wave solutions for

the diffusive Lotka-Volterra system of three competing species, Nonlinearity (2020)

Jong-Shenq Guo (TKU) ICMMA2023, MIMS, 10/31-11/2/2023 6 / 29
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In the work in 2020 (Nonlinearity) for general di, they study

u,w are strong competitors: a3 > 1, b1 > 1, b3 > 1, c1 > 1

v is a very weak competitor: 0 < a2, c2 ≪ 1

TWS with E− = (1, 0, 0), E+ = (0, 0, 1): a bistable wave

by the bifurcation theory and the method of super-sub-solutions

See also Chang, Chen, JDDE (2023) for a related work.

The sign of wave speed is an open question?

Our aim: monostable waves?? easier!

Jong-Shenq Guo (TKU) ICMMA2023, MIMS, 10/31-11/2/2023 7 / 29
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§2-1. Main results: existence

Assume there are two aboriginal weak competing species
v and w in the sense b3 < 1 and c2 < 1.

Let u be an alien species.

Assume that the semi-coexistence state Eu
c = (0, vc, wc) is

unstable for the ODE system of (1):

β := 1− a2vc − a3wc > 0. (4)

Note that condition (4) can be achieved, e.g., when

a2 + a3 < 1. (5)

Jong-Shenq Guo (TKU) ICMMA2023, MIMS, 10/31-11/2/2023 8 / 29
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Theorem 1

Let b3 < 1 and c2 < 1. Suppose, in addition to condition (4), that

r1β ≥ max{r2(b1 + b3c2vc), r3[c1 + c2(1− vc)]}. (6)

Set s∗ := 2
√
r1β. Then there is a positive solution (ϕ1, ϕ2, ϕ3) of

(2) satisfying

(ϕ1, ϕ2, ϕ3)(+∞) = Eu
c = (0, vc, wc)

for any s ≥ s∗.
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Assume w is an aboriginal weak competitor.

Let σ+ := max{0, σ} for σ ∈ R.

Theorem 2

Let a3 < 1 and b3 < 1. Assume

r2(1− b3) = r1(1− a3) ≥ r3(c1 + c2 − 1)+. (7)

Set s∗ := 2
√

r1(1− a3). Then there exists a positive solution
(ϕ1, ϕ2, ϕ3) of (2) satisfying

(ϕ1, ϕ2, ϕ3)(+∞) = Ew = (0, 0, 1)

for any s ≥ s∗.
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A strong alien competitor u is introduced to the habitat of two
aboriginal competing species v and w:

Theorem 3

Let {s, (ϕ1, ϕ2, ϕ3)} be a traveling wave obtained in Theorem 1
with s ≥ s∗ or Theorem 2 with s ≥ s∗. Then
(ϕ1, ϕ2, ϕ3)(−∞) = Eu = (1, 0, 0), if we assume

a2b1 ≥ 1, a3c1 ≥ 1, a2 + a3 < 1. (8)

Theorem 3 shows that system (1) has traveling waves of
mixed front-pulse type connecting Ew and Eu for any
s ≥ s∗, under conditions in Theorem 2 and (8).
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• Three species are all weak competitors:

Under the assumption

a2 + a3 < 1, b1 + b3 < 1, c1 + c2 < 1, (9)

the co-existence state E∗ = (u∗, v∗, w∗) exists and E∗ is stable.

Theorem 4

Let {s, (ϕ1, ϕ2, ϕ3)} be a traveling wave obtained in either
Theorem 1 with s ≥ s∗ or Theorem 2 with s ≥ s∗. Then
(ϕ1, ϕ2, ϕ3)(−∞) = (u∗, v∗, w∗), if condition (9) is enforced.
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§2-2. Proofs for existence

The main idea of the proofs of Theorems 1 and 2 is to
construct suitable (generalized) upper-lower solutions
to capture the unstable tails Eu

c and Ew at +∞, resp.

For the derivation of the stable tail limit at z = −∞, we
apply the classical method of contracting rectangles
(cf. e.g., Huang-Lin (JMAA14), Lin-Ruan (JDDE14),
Chen-G.-Yao (JMAA17), G.-Nakamura-Ogiwara-Wu
(NA-RWA20), Chen-Giletti-G. (JDE21)).

Existence can allow non-equal diffusivities.
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Definition 5

A pair of continuous functions (ϕ1, ϕ2, ϕ3) and (ϕ
1
, ϕ

2
, ϕ

3
) is

called a pair of upper-lower solutions of (2), if
ϕ
′′
i (z), ϕ

′′
i
(z), ϕ

′
i(z), ϕ

′
i
(z), i = 1, 2, 3, exist such that

U1(z) := ϕ
′′
1(z) + sϕ

′
1(z) + ϕ1(z)g1(ϕ1, ϕ2

, ϕ
3
)(z) ≤ 0,

U2(z) := ϕ
′′
2(z) + sϕ

′
2(z) + ϕ2(z)g2(ϕ1

, ϕ2, ϕ3
)(z) ≤ 0,

U3(z) := ϕ
′′
3(z) + sϕ

′
3(z) + ϕ3(z)g3(ϕ1

, ϕ
2
, ϕ3)(z) ≤ 0,

L1(z) := ϕ′′
1
(z) + sϕ′

1
(z) + ϕ

1
(z)g1(ϕ1

, ϕ2, ϕ3)(z) ≥ 0,

L2(z) := ϕ′′
2
(z) + sϕ′

2
(z) + ϕ

2
(z)g2(ϕ1, ϕ2

, ϕ3)(z) ≥ 0,

L3(z) := ϕ′′
3
(z) + sϕ′

3
(z) + ϕ

3
(z)g3(ϕ1, ϕ2, ϕ3

)(z) ≥ 0

hold for z ∈ R except for a finite subset E of R.
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Proposition 1

Given s > 0. Suppose that (2) has a pair of upper-lower
solutions (ϕ1, ϕ2, ϕ3) and (ϕ

1
, ϕ

2
, ϕ

3
) such that ϕ

i
≤ ϕi and

lim
z→z+

ϕ
′
i(z) ≤ lim

z→z−
ϕ
′
i(z), lim

z→z−
ϕ′
i
(z) ≤ lim

z→z+
ϕ′
i
(z), ∀ z ∈ E,

for i = 1, 2, 3. Then (2) has a solution (ϕ1, ϕ2, ϕ3) such that
ϕ
i
≤ ϕi ≤ ϕi, i = 1, 2, 3.

A pair of upper-lower solutions serves as the upper and
lower bounds for the domain of the integral operator
corresponding to differential system (2) so that Schauder’s
fixed point theorem can be applied to obtain a solution of
(2) in this domain (an idea of Ma (JDE01)).
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The construction of upper-lower solutions relies on the
linearization of the equation of alien species in (2) at the
unstable state, e.g., E+ = Eu

c :

λ2
j + sλj + r1β = 0, j = 1, 2, λ2 ≤ λ1 < 0 ↔ eλ1z, zeλ1z

so that for s > s∗:

ϕ1(z) := min{1, eλ1z}, ϕ
1
(z) := max{0, eλ1z − peµz},

ϕ2(z) := min{1, vc + (1− vc)e
λ1z}, ϕ

2
(z) := max{0, vc(1− eλ1z)},

ϕ3(z) := min{1, wc + c2vce
λ1z}, ϕ

3
(z) := max{0, wc(1− eλ1z)},

where p and µ are suitably chosen constants.
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To derive the stable tail limit at z = −∞, we first let

ϕ−
i := lim inf

z→−∞
ϕi(z), ϕ

+
i := lim sup

z→−∞
ϕi(z), i = 1, 2, 3.

Since ϕi ≥ 0, i = 1, 2, 3, by the maximum principle we have
0 ≤ ϕi ≤ 1, i = 1, 2, 3. Hence

0 ≤ ϕ−
i ≤ ϕ+

i ≤ 1, i = 1, 2, 3.

Then we have

ϕ−
1 ≥ γ1 := 1− a2 − a3 > 0, (10)

provided a2 + a3 < 1.
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We only give a proof of Theorem 3.
For this, we define m1(θ) := (1− θ)γ1/2 + θ, θ ∈ [0, 1].
Since γ1 < 1, m1(θ) is increasing in θ ∈ [0, 1] such that
m1(1) = 1. Let

A := {θ ∈ [0, 1) | ϕ−
1 > m1(θ)}.

By (10), 0 ∈ A and so the quantity θ0 := supA is well-defined
such that θ0 ∈ (0, 1]. Then ϕ−

1 ≥ m1(θ0) and

ϕ+
2 ≤ max{0, 1− b1m1(θ0)}, ϕ+

3 ≤ max{0, 1− c1m1(θ0)}.

Finally, a contradiction argument leads to θ0 = 1.
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§3-1. Main results: stability

Given positive constants {σi}, define a distance function (to Φ)

K[U ] :=

3∑
i=1

σiKi[Ui], Ki[Ui] := Ui − ϕi − ϕi ln
Ui

ϕi
, (11)

for any positive function U = (U1, U2, U3) defined on R.

Note that K[U ](z) ≥ 0 for all z ∈ R and K[U ](z) = 0 if and only if
U(z) = Φ(z) for some z ∈ R.

For a positive constant R, we let

λ = λ(s;R) :=
−s+

√
s2 − 4R

2
, s ≥ 2

√
R. (12)
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Suppose that there exists a set of positive constants
{σ1, σ2, σ3} such that

− I :=

3∑
i=1

σi (ui − vi) {gi(u)− gi(v)} ≤ 0 (13)

for all u = (u1, u2, u3), v = (v1, v2, v3) ∈ I := [0, 1]3, where
g1(u1, u2, u3) := r1(1− u1 − a2u2 − a3u3),

g2(u1, u2, u3) := r2(1− b1u1 − u2 − b3u3),

g3(u1, u2, u3) := r3(1− c1u1 − c2u2 − u3).

Using the moving coordinate z = x− st, (1) is written as

(ui)t = (ui)zz + s(ui)z + uigi(u), z ∈ R, t > 0, i = 1, 2, 3. (14)
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Theorem 6 (3 weak competitors)

Assume, in addition to (9), that either a2b3c1 = a3b1c2 or

a2 + b1 + a3 + c1 ≤ 2, a2 + b1 + b3 + c2 ≤ 2, a3 + c1 + b3 + c2 ≤ 2.

Let Φ be a positive traveling wave of (1) connecting
E+ ∈ {(0, 0, 1), (0, vc, wc)} and E− = E∗ with wave speed
s ≥ 2

√
R, where R := max{r1, r2, r3}. Then {s,Φ} is stable in

the sense that u(z, t) → Φ(z) as t → ∞ locally uniformly for
z ∈ R for any solution u of (14) with initial data u0 at t = 0

satisfying e−λzK[u0] ∈ L1(R), where λ = λ(s;R) is defined in
(12) and the positive constants {σ1, σ2, σ3} in (11) are chosen
so that (13) holds.
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Theorem 7 (2 weak vs 1 strong competitors)

Assume, in addition to

a2 + a3 < 1, b3, c2 < 1, b1 ≥ 1/a2, c1 ≥ 1/a3, (15)

that
a2b1 = 1 = a3c1, 2a2a3 = a22b3 + a23c2. (16)

Let Φ be a positive traveling wave of (1) connecting
E+ ∈ {(0, 0, 1), (0, vc, wc)} and E− = Eu with wave speed
s ≥ 2

√
R, where R := max{r1, r2, r3}. Then {s,Φ} is stable in

the sense described in Theorem 6.
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At the stable tail of traveling wave, i.e., z = −∞, the
perturbation is allowed to be arbitrarily large due to
condition e−λzK[u0] ∈ L1(R). Note that λ < 0.

However, at the unstable tail (z = ∞), the perturbation can
only be made with decay rate faster than eλz.
Note that the exponent λ is a function of the wave speed s.

This is a typical phenomenon in the stability of monostable
waves in many reaction-diffusion systems, including their
discrete analogues.

Note that R > r1(1− a3) and R > r1β. The stability of
wave with speed s < 2

√
R is still left open.
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§3-2. Proofs for stability

Let Ψ(z, t) := K[u(·, t)](z), z ∈ R, t > 0. Since

max
1≤i≤3

sup
z∈R

{gi(Φ(z))} ≤ max{r1, r2, r3} := R,

we can check that Ψ satisfies

Ψt ≤ Ψzz + sΨz +RΨ, z ∈ R, t > 0, (17)

if (13) holds for some {σ1, σ2, σ3}.
From (17) and e−λzK[u0] ∈ L1(R), by comparison, Theorems 6
and 7 are proved.
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Check the condition (13): I ≥ 0

Let u := (u1, u2, u3), v := (v1, v2, v3) and

X := u1 − v1, Y := u2 − v2, Z := u3 − v3.

Then I is computed as

I = σ1r1X
2 + σ2r2Y

2 + σ3r3Z
2 + (σ1r1a2 + σ2r2b1)XY

+(σ2r2b3 + σ3r3c2)Y Z + (σ1r1a3 + σ3r3c1)XZ.
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Three weak competitors

Case 1. a2b3c1 = a3b1c2: choose

σ1 =
1

r1
, σ2 =

a2
r2b1

, σ3 =
a3
r3c1

,

then we can write

I = (1− a2 − a3)X
2 +

a2
b1

(1− b1 − b3)Y
2 +

a3
c1

(1− c1 − c2)Z
2

+a2(X + Y )2 + a3(X + Z)2 +
a2b3
b1

(Y + Z)2.
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Case 2. condition

a2+b1+a3+c1 ≤ 2, a2+b1+b3+c2 ≤ 2, a3+c1+b3+c2 ≤ 2. (18)

Choosing σi = 1/ri, i = 1, 2, 3, we obtain that

I = X2 + Y 2 + Z2 + (a2 + b1)XY + (a3 + c1)XZ + (b3 + c2)Y Z,

= [X,Y, Z]

 1 (a2 + b1)/2 (a3 + c1)/2

(a2 + b1)/2 1 (b3 + c2)/2

(a3 + c1)/2 (b3 + c2)/2 1


XY
Z

 .

Then I ≥ 0 under condition (18), by Gerschgorin’s Theorem.
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Two weak and one strong competitors

Choosing

σ1 =
1

r1
, σ2 =

a2
b1r2

, σ3 =
a3
c1r3

,

from (16) and (15), we can write

I = [X,Y, Z]

 1 a2 a3

a2 a22 a2a3

a3 a2a3 a23


XY
Z

 .

Since B has the eigenvalues {0, 0, 1 + a22 + a23} and so B is
symmetric positive semi-definite, we obtain I ≥ 0.
In fact, we have I = (X+a2Y +a3Z)2. Q: any other conditions?
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Thank you for your listening!
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"Stability of single transition layer solutions in mass-conserving  

reaction-diffusion systems with bistable nonlinearity" 
 

Hideo Ikeda（University of Toyama, Japan） 

 
Mass-conserving reaction-diffusion systems with bistable nonlinearity are considered under general assumptions, 

which are useful models for studying cell polarity formation, whose process is key in cell division and differentiation. 
The existence of stationary solutions with a single internal transition layer is shown by using the analytical singular 
perturbation theory. Moreover, a stability criterion for the stationary solutions is provided by calculating the Evans 
function. This is a joint work with Masataka Kuwamura of Kobe University. 
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October 31 – November 2, 2023, on the Nakano
Campus of Meiji University, Tokyo. 

1



In Memoriam of Professor Mayan Mimura from my youth

・ First Encounter

2

A camp-style C&A summer seminar in 1978. This seminar was a 
study group where participants related to computation and 
analysis from companies and universities gathered for three 
days and two nights, eating and sleeping together.  
(2泊3日の合宿セミナー)

My first impression of Mayan
He was serious and strict during the daytime seminar. 
However, at night, he was very friendly and had a sense of humor.
I liked him at night.
This is a scene from that night.

Night scene in a Japanese-style room



3

・ Opportunity to start the analytical singular perturbation method  (1980)

・Start of joint research with Mayan and T. Tsujikawa (1983)

・Mayan‘s Intensive Lecture for Undergraduate Students at my university (1982)
The subject matter was something I had never heard before in a mathematics class.
The title was "A Model of Pulse Propagation on Neuronal Axons (Hodgkin-Huxley Equation).
------ Differential equations that won the Nobel Prize in Physiology and Medicine in 1963

He introduced the analytical singular perturbation method to Japan as a souvenir when he 
came back from Oxford University. I was very interested in the method of constructing an 
approximate solution for each domain and then successfully combining them at the end. 
The content was an introduction of a paper by P.C. Fife

I wondered for a moment if this was really mathematics. I thought for a moment, 
but as I listened, differential equations naturally came to my face. At that time, I felt 
freshness and interest in this kind of mathematics.
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Calculated by NEC PC-9801 (MS-DOS) + BASIC

Hodgkin-Huxley Equation
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H. Ikeda, M. Mimura, T. Tsujikawa, Slow traveling wave solutions to the Hodgkin-Huxley equations.  
Recent topics in nonlinear PDE, III (Tokyo, 1986),  1-73, North-Holland Math. Stud., 148, Lecture 
Notes Numer. Appl. Anal., 9, North-Holland, Amsterdam, 1987.

H. Ikeda, M. Mimura, T. Tsujikawa,  Singular perturbation approach to traveling wave solutions of 
the Hodgkin-Huxley equations and its application to stability problems. Japan J. Appl. Math.  6  
(1989),  no.1, 1-66.

T. Tsujikawa, T. Nagai, M. Mimura, R. Kobayashi, H. Ikeda,  Stability properties of traveling pulse 
solutions of the higher-dimensional FitzHugh-Nagumo equations. Japan J. Appl. Math.  6  (1989),  

no.3, 341-366.



・One year research life at Hiroshima University as an in-country student in 1986
---- with support from the Ministry of Education (MEXT)

6

H. Ikeda,  On the asymptotic solutions for a weakly coupled elliptic boundary value problem with a small 
parameter. Hiroshima Math. J.  16 (1986),  no. 2, 227-250.

H. Ikeda, M. Mimura, Y. Nishiura,  Global bifurcation phenomena of travelling wave solutions for some 
bistable reaction-diffusion systems. Nonlinear Anal.  13 (1989),  no.5, 507-526.

Y. Nishiura, M. Mimura, H. Ikeda, H. Fujii,  Singular limit analysis of stability of traveling wave solutions in 
bistable reaction-diffusion systems. SIAM J. Math. Anal.  21 (1990),  no.1, 85-122.

H. Ikeda, M. Mimura, Wave-blocking phenomena in bistable reaction-diffusion systems. 
SIAM J. Appl. Math. 49 (1989),  no.2, 515-538. 

H. Ikeda, M. Mimura,  Stability analysis of stationary solutions of bistable reaction-variable diffusion 

systems. SIAM J. Math. Anal. 22 (1991),  no. 6, 1651-1678.

At that time, Mayan’s wife was returning to her parents' home for childbirth. Therefore, Mayan had no 
choice but to go home early, so he stayed with me one-on-one until nighttime. However, we did not 
talk about research all the time. He was absorbed in thinking of problems that he thought would be 
interesting to solve. He would often say to me, “How about this problem? But you are the one who 
will solve this problem”.
Thanks to him, I was able to write the following five papers.
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One-day trip to Miyajima with Mayan's family

BBQ + wine party on the roof of Mayan's apartment
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Thanks to these, I received a Doctor of Science degree from Hiroshima University in 1989

I would like to take this opportunity to express my sincere gratitude to Mayan for giving 
me a start in my research life and for his words of encouragement every time we met.

・Deep acknowledgment to Mayan
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Existence of single transition layer solutions

By using the singular perturbation technique, we can obtain             ,           and            
satisfying                             .    

15



Stability analysis of the single transition layer solutions

When we apply the SLEP method 

16



In this talk, we consider the full system (3). 

This is a reason why it is convenient to show stability property

------- to calculate the Evans function . 

17
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 Theorem 1 (Existence).  There exists a solution                       satisfying  

19



Stability analysis of the single transition layer solutions

20
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Case (I)                                                                                             

26



27



Case (II) and Case (III)                                                                                              

28



29

・Extension this method to reaction-diffusion system including a nonlocal terms.

The singular perturbation method is not good at dealing with nonlocal terms 
because it is a method of constructing approximate solutions for each subdomain and 
then successfully laminating them together at the end, but the method introduced here 
can be extended to problems involving nonlocal terms.



30

Thanks for your kind attention 



 

"Traveling wave solutions of combustion in a narrow channel" 
 

Hirofumi Izuhara (Miyazaki University, Japan) 
 

It is reported that combustion in a narrow channel shows a variety of char patterns depending on the airflow rate. In 
this talk, we consider a mathematical model which describes the combustion experiment, and numerically study the 
existence of traveling wave solution in one space dimension. In addition, we investigate the instability of its planar 
combustion wave which is the onset of the variety of char patterns. 

  



Hirofumi Izuhara University of Miyazaki
Joint work with

Kazunori Kuwana Tokyo University of Science

Tsuneyoshi Matsuoka  Toyohashi University of 
Technology

ICMMA,  Oct. 31st 2023, Meiji University



Paper density is uniform,  ignition is uniform and supply of oxygen is 
uniform. 

Spreading of combustion is complicated even in a simple environment. 

Can we understand the pattern forming mechanism?

Model aided understanding of combustion pattern formation



Fasano, Mimura and Primicerio proposed the following mathematical 
model: 

𝑢! = 𝐿𝑒∆𝑢 + 𝜙Λ𝑃𝑒𝑢" + 𝛽𝛾𝑘 𝑢 𝑣𝑤 − 𝑎(𝑢 − 2𝑢)
𝜙𝑣! = ∆𝑣 + 𝜙𝑃𝑒𝑣" − 𝛾𝑘 𝑢 𝑣𝑤
𝑤! = −𝐻#𝛾𝑘 𝑢 𝑣𝑤

𝑢：temperature, 𝑣：oxygen concentration, 𝑤：paper density

𝑘(𝑢)：Arrhenius law

𝑘 𝑢 = 5exp(−𝜃/𝑢) 𝑢 ≥ 𝑢∗
0 𝑢 < 𝑢∗

Fasano, Mimura & Primicerio `09
Lu & Dong `11  
Ijioma, Izuhara, Mimura & Ogawa`15

𝑢∗
𝑢

𝑢∗：ignition temperature

𝑡 > 0, (𝑥, 𝑦) ∈ Ω



Supply of oxygen

𝑥

Initial conditions: 
𝑢 0, 𝑥, 𝑦 = 2𝑢
𝑣 0, 𝑥, 𝑦 = 𝑣%

𝐿𝑥

𝐿𝑦0

Boundary conditions: 
𝑣 𝑡, 𝐿𝑥, 𝑦 = 𝑣0
The others are Neumann B.C.

Parameter values:
𝐿𝑥 = 300
𝐿𝑦 = 100
𝐿𝑒 = 0.125
𝜙 = 1
Λ = 0
𝛽 = 10
𝛾 = 140
𝑎 = 0.28
2𝑢 = 0.02
𝜃 = 3

𝑢∗ = 0.08
𝐻# = 0.5
𝑣0 = 0.1 Ignition: 

𝑢 0, 𝑥, 𝑦 = 𝑢∗ + 𝜀(𝑥, 𝑦)
0

𝑦

Paper region

No paper region

No paper region

Ω = (𝑥, 𝑦) 0 < 𝑥 < 𝐿" , 0 < 𝑦 < 𝐿&

𝑤 0, 𝑥, 𝑦 = 𝑤%



Pe=3 Pe=1.5

Pe=0.3 Pe=0.17
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Why do such complicated behaviors appear?

supply velocityhigh low

Question: 
Can we capture the connected front as an instability 
of the planar wave?

Smooth front Connected front
Fingering with 

tip-splitting
Fingering without 

tip-splitting



𝑐Traveling wave solution
𝑢∗, 𝑣∗, 𝑤∗, 𝑐

𝐿𝑒(𝑢'' + 𝑢&&) + 𝑐𝑢' + 𝛽𝛾𝑘 𝑢 𝑣𝑤 − 𝑎 𝑢 − 2𝑢 = 0
𝑣'' + 𝑣&& + (𝑐𝜙 + 𝜙𝑃𝑒) 𝑣' − 𝛾𝑘 𝑢 𝑣𝑤 = 0
𝑐𝑤' − 𝐻#𝛾𝑘 𝑢 𝑣𝑤 = 0

Introduce a moving coordinate 𝑧 = 𝑥 − 𝑐𝑡:

Linearize the system around 𝑢∗, 𝑣∗, 𝑤∗ :

ℒ:=
𝐿𝑒∆+ 𝑐 %%& + 𝛽𝛾𝑘′ 𝑢

∗ 𝑣∗𝑤∗ − 𝑎 𝛽𝛾𝑘 𝑢∗ 𝑤∗ 𝛽𝛾𝑘 𝑢∗ 𝑣∗

−𝛾𝑘′ 𝑢∗ 𝑣∗𝑤∗ ∆ + 𝑐𝜙 + 𝜙𝑃𝑒 %
%& − 𝛾𝑘 𝑢∗ 𝑤∗ −𝛾𝑘 𝑢∗ 𝑣∗

−𝐻(𝛾𝑘′ 𝑢∗ 𝑣∗𝑤∗ −𝐻(𝛾𝑘 𝑢∗ 𝑤∗ 𝑐 %%& − 𝐻(𝛾𝑘 𝑢∗ 𝑣∗

Solve the eigenvalue problem ℒ
𝑈
𝑉
𝑊

= 𝜆
𝑈
𝑉
𝑊

.



Eigenfunction of ℒ
𝑈
𝑉
𝑊

= 𝜆
𝑈
𝑉
𝑊

is 

𝑈(𝑧, 𝑦)
𝑉(𝑧, 𝑦)
𝑊(𝑧, 𝑦)

= 𝑒(
!"#
$ &

T𝑈 (𝑧)
U𝑉 (𝑧)
T𝑊 (𝑧)

(𝑛 = 1,2,3⋯). 

(Taniguchi & Nishiura`94,
Ikeda, Nagayama & Ikeda. `04)

Therefore, 

solve the eigenvalue problem Xℒ
T𝑈
U𝑉
T𝑊

= 𝜆
T𝑈
U𝑉
T𝑊

,

where

𝐿

Periodic B.C.

𝑥

𝑦

Air supply

)ℒ =

𝐿𝑒 !!
!"!#

$%&
'

!
+ 𝑐 !!" + 𝛽𝛾𝑘′ 𝑢

∗ 𝑣∗𝑤∗ − 𝑎 𝛽𝛾𝑘 𝑢∗ 𝑤∗ 𝛽𝛾𝑘 𝑢∗ 𝑣∗

−𝛾𝑘′ 𝑢∗ 𝑣∗𝑤∗ 𝑑$

𝑑𝑧$ −
$%&
'

$ + 𝑐𝜙 + 𝜙𝑃𝑒 !
!" − 𝛾𝑘 𝑢∗ 𝑤∗ −𝛾𝑘 𝑢∗ 𝑣∗

−𝐻)𝛾𝑘′ 𝑢∗ 𝑣∗𝑤∗ −𝐻)𝛾𝑘 𝑢∗ 𝑤∗ 𝑐 !!" − 𝐻)𝛾𝑘 𝑢∗ 𝑣∗

Propagation 
direction



𝑢! = 𝐿𝑒∆𝑢 + 𝛽𝛾𝑘(𝑢)𝑣𝑤 − 𝑎𝑢
𝑣! = ∆𝑣 + 𝑃𝑒𝑣" − 𝛾𝑘(𝑢)𝑣𝑤
𝑤! = −𝐻#𝛾𝑘(𝑢)𝑣𝑤

Parameter values : 
𝐿𝑒 = 0.3
𝛽 = 20.0
𝛾 = 5.0
𝐻# = 1.0
𝑎 = 0.28
𝑃𝑒 = 0.2

𝑐 = 1.25091

Traveling wave
𝑢∗, 𝑣∗, 𝑤∗, 𝑐

2D problem (𝑤)

1D problem

Wavy front

burned unburned



𝑛

Re𝜆

10- and 11-modes are 
most unstable.

burned unburned



Thank you for your kind attention!



 

"Two phase Stefan problems as the singular limit of  

competition-diffusion systems arising in population dynamics" 
 

Danielle Hilhorst (Université Paris-Saclay, France) 
 

Competition-diffusion systems are coupled systems of nonlinear parabolic equations, where the unknown functions 
represent the densities of interacting biological populations. We will first study the singular limit of of a two-component 
competition-diffusion system in population dynamics when the interspecific competition rate tends to infinity [7], [8]. 
Using energy estimates, we will prove that the solution converges to the weak solution of a problem with a free boundary, 
which Mayan Mimura used to call a Stefan problem with zero latent heat [1], [2], [3]. In biological terms, this amounts 
to proving that the habitats of two interacting populations become completely disjoint in the fast reaction limit. We will 
then consider a three component competition-diffusion system and prove that its solution converges to a Stefan problem 
with positive latent heat [4], [6]. 
 
Another question involves the limit of the Stefan problem as the latent heat coefficient tends to zero; we will show that 
it converges to the Stefan problem with zero latent heat [5]. A question which we have started to study is then the 
following : can we prove a similar result in the case that the partial differential equations in the Stefan problems are 
perturbed by a white noise in time [9]  
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Social life with Mayan

In the occidental world, we always called Mimura sensei Mayan. I met
him very long ago, in the Netherlands. Most probably, we first met at a
Conference entitled : Conference on Analytical and Numerical
approaches to Asymptotic Problems, which took place at the University
of Nijmegen, in the Netherlands, on June 9-13, 1980. Since Mayan
was an important Professor while I was just a fourth year PhD student,
I did not have much chance to discuss with him. But then, on
December 2nd 1981, when I defended my doctoral thesis at the
University of Leiden, also in the Netherlands, Mayan was there visiting
my PhD supervisor Bert Peletier. And Bert requested me to invite
Mayan both at my doctoral defense and at the dinner which I was
offering at this occasion; it was then a tradition in the Netherlands to
organize a PhD dinner on the evening of the defense. This is how my
contacts with Mayan started.
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Mayan
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Social life with Mayan

During many years, I often met Mayan, not only in France and in Japan
but also at various conferences all over the world. Mayan was always
full of life and happiness and had an incredible creativity. We
discussed about mathematics, and in particular about new problems
modeling biological phenomena posed by Mayan. I have worked a lot
about some of these problems together with PhD students, post-docs
as well as well-known mathematicians. I will show you some examples
in a little while.

Mayan loved to spend time in France, both for mathematics and
everyday life. He also showed an extraordinary hospitality to his
colleagues from all over the world that he invited in Japan. We all keep
a wonderful memory of these visits to Japan.
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The model problem : Dancer, DH, Mimura, Peletier

We consider the competition-diffusion system

(
Pk)


∂tu = d1∆u + f (u)− kuv , in Ω× R+

∂tv = d2∆v + g(v)− αkuv , in Ω× R+

∂νu = 0, ∂νv = 0, on ∂Ω× R+

u(·,0) = uk
0 , v(·,0) = vk

0 , on Ω,

where
f (s) = λs(1 − s),g(s) = µs(1 − s);
k , α, d1,d2, λ, µ are positive constants;
uk

0 , v
k
0 ∈ C(Ω),0 ≤ uk

0 , v
k
0 ≤ 1;

uk
0 ⇀ u0, vk

0 ⇀ v0 in L2(Ω) as k → ∞.

u, v are the densities of two biological populations;
λ, µ are the intraspecific competition rates;
k , αk are the interspecific competition rates.
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The main question

Our main question:

Let (uk , v k) denote the solution of Problem (Pk). What is the

singular limit of the solution pair (uk , v k) as k → ∞?
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A priori bounds

By a solution of Problem (Pk ) we mean a pair of functions (uk , vk )
such that uk , vk ∈ C(Q) ∩ C2,1(Ω× [δ,T ]) for all δ ∈ (0,T ). We begin
with a priori bounds for solutions of Problem (Pk ).

Lemma. Let (uk , vk ) be a solution of Problem (Pk ). Then
0 ≤ uk ≤ 1 and 0 ≤ vk ≤ 1 in Q, where Q := Ω× R+.

Proof. This assertion follows from the maximum principle.
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Existence and uniqueness - a priori estimates

The existence and uniqueness of the solution (uk , vk ) of Problem (Pk )
follows from [Lunardi, Proposition 7.3.2].

Next we obtain a priori bounds for the solution (uk , vk ) of Problem (Pk )
which are uniform with respect to the parameter k in the equations.
This will enable us to study the properties of the family of solutions
(uk , vk ) for large values of k .

Lemma. We have ∫ T

0

∫
Ω

ukvk ≤ |Ω|
k

(ℓ0T + 1).

Proof. Integration of the equation for uk over QT := Ω× (0,T ) yields

k
∫ T

0

∫
Ω ukvk = d1

∫ T
0

∫
∂Ω

∂uk

∂ν
+

∫ T

0

∫
Ω

f (uk )uk −
∫
Ω

uk (T ) +

∫
Ω

uk
0

≤ (ℓ0T + 1)|Ω|.
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A priori estimates

Lemma. There exists a positive constant C, which does not depend on
k , such that ∫ T

0

∫
Ω
|∇uk |2 ≤ C,

and ∫ T

0

∫
Ω
|∇vk |2 ≤ C.

Proof. We multiply the first equation in (Pk ) by u and integrate on Ω.
This yields

1
2

d
dt

∫
Ω

u2
k + d1

∫
Ω
|∇uk |2 + k

∫
Ω

u2
k vk ≤ ℓ0|Ω|,

where we have used the bounds on uk and vk . When we integrate on
(0,T ) we obtain the first estimate. The second estimate can be proved
in a similar way.
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A way to eliminate the large parameter k

Next we consider the function

zk = uk − 1
α

vk ,

which appears when we want to eliminate the terms involving k from
the partial differential equation. It satisfies

zk
t = d1∆uk − d2

α
∆vk + uk f (uk )− 1

α
vkg(vk ) in QT

together with the homogeneous Neumann boundary condition

∂zk

∂ν
= 0 on ST := ∂Ω× (0,T ).
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Where do we stand now?

We have L∞(QT ) estimates for uk and vk , and L2(QT ) estimates for
|∇uk | and |∇vk |.

This is not sufficient to pass to the limit as k → ∞, even though it
would be if we would work on an elliptic problem. Here we need some
extra knowledge about either the time derivative of the solution pair or
differences of time translates of the solution pair.

We apply the Fréchet-Kolmogorov Theorem (see for instance the book
of Brezis on functional analysis).
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Limit as k → ∞

We deduce that the sequences {uk} and {vk} are relatively compact in
L2(QT ). In particular, there exist subsequences of {uk} and {vk},
which we denote again by {uk} and {vk}, and functions u and v in
L2(0,T ;H1(Ω)) such that, as k → ∞, uk and vk converge to their limits
u and v strongly in L2(QT ), a. e. in QT and weakly in L2(0,T ;H1(Ω)).
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Characterization of the limit functions

Lemma. Let T be an arbitrary positive number. The limit functions
(u, v) are such that∫ T

0

∫
Ω

{(
u − 1

α
v
)
φt −∇

(
d1u − d2

α
v
)
∇φ+

(
uf (u)− 1

α
vg(v)

)
φ
}

= −
∫
Ω
(u0 −

v0

α
)φ(0),

for all functions φ ∈ C∞(QT ) such that φ(T ) = 0.
Proof. When we multiply the equation for zk by a test function
φ ∈ C∞

0 (QT ) such that φ(T ) = 0, and integrate by parts, we obtain the
identity ∫ T

0

∫
Ω

{(
uk − 1

α
vk

)
φt −∇

(
d1uk − d2

α
vk

)
∇φ

+
(

uk f (uk )− 1
α

vkg(vk )
)
φ
}
= −

∫
Ω
(uk

0 −
vk

0
α
)φ(0).
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Characterization of the limit functions

We now let k → ∞ along a sequence for which uk and vk strongly
converge in L2(QT ) and a. e. to their limits. Then, because

uk → u, and vk → v as k → ∞ a.e. in QT ,

and |uk |, |vk | ≤ 1 for all k ≥ 1, it follows by the dominated convergence
theorem that∫ T

0

∫
Ω

uk f (uk ) →
∫ T

0

∫
Ω

uf (u) as k → ∞.

A similar result holds for the sequence {vkg(vk )}. Passing to the limit
in the equality above permits to complete the proof.
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Characterization of the limit functions

Next we show that the function

z := u − 1
α

v ,

is a weak solution of Problem (P) defined by

(P)


∂tz = ∇(d(z)∇z) + h(z), in Ω× R+,
∂νz = 0, on ∂Ω× R+,

z(·,0) = z0 := u0 −
v0

α
, on Ω,

where
d(s) = {d1 if s > 0, d2 if s < 0},

and
h(s) = {f (s)s if s > 0, g(−αs)s if s < 0}.

Danielle Hilhorst Competition diffusion systems October 31st 2023 16 / 30



Characterization of the limit functions

Definition. A function z is called a weak solution of Problem (P) if

z ∈ L∞(Ω× R+)∩L2(0,T ,H1(Ω));

−
∫ T

0

∫
Ω
{zφt − d(z)∇z∇φ+ h(z)φ} =

∫
Ω

z0φ(0),

for all functions φ ∈ C∞(QT ) such that φ(T ) = 0 and for all T > 0.
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Characterization of the limit functions

Lemma. The function z is a weak solution of Problem (P).

Proof. We already know that z ∈ L∞(Ω× R+) and that
z ∈ L2(0,T ;H1(Ω)).

We observe that
d1 ∇u − d2

α
∇v = d(z)∇z

and that
uf (u)− v

α
g(v) = h(z).

Therefore z satisfies the integral equality∫ T

0

∫
Ω

{
zφt − d(z)∇z∇φ+ h(z)φ

}
=

∫
Ω
(u0 −

v0

α
)φ(0)

for all functions φ ∈ C∞(QT ) such that φ(T ) = 0 and for all T > 0.
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Characterization of the limit functions

Thus z is a weak solution of Problem (P).

We also have the following result.

Lemma. Problem (P) has exactly one weak solution z, and
z ∈ Cβ,β/2(Ω× [0,∞)) for all β ∈ (0,1).
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The limit problem as a free boundary problem

The limit problem is a free boundary problem. The free boundary
separates the regions where {u > 0, v = 0} and {v > 0,u = 0}.
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The limit free boundary problem

We can give both

• a weak form, where the free boundary does not explicitely appear;
• a strong form, with explicit boundary conditions.
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The convergence result

We have proved that as k → ∞,

uk → z+, vk → αz−,

strongly in L2(QT ), where the function z is the unique weak solution of
the problem

(P)


∂tz = ∆D(z) + h(z), in Ω× R+,
∂νz = 0, on ∂Ω× R+,

w(·,0) = z0 := u0 −
v0

α
, on Ω,

with D(s) := d1s+ − d2s− and h(s) := f (s+)− g(αs−), where
s+ = max(s,0) and s− = −min(s,0).
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The strong form of the limit free boundary problem

Assume that, at each time t ∈ [0,T ], there exists a close hypersurface
Γ(t) and two subdomains Ωu(t), Ωv (t) such that

Ω = Ωu(t) ∪ Ωv (t), Γ(t) = Ωu(t) ∩ Ωv (t),
z(·, t) > 0 on Ωu(t), z(·, t) < 0 on Ωv (t).

Assume furthermore that t 7→ Γ(t) is smooth enough and that
(u, v) := (z+, αz−) are smooth up to Γ(t). Then the functions u and v
satisfy

(P)



∂tu = d1∆u + f (u) in Qu :=
⋃
{Ωu(t), t ∈ [0,T ]}

∂tv = d2∆v + g(v) in Qv :=
⋃
{Ωv (t), t ∈ [0,T ]}

u = v = 0 on Γ :=
⋃
{Γ(t), t ∈ t ∈ [0,T ]}

d1∂nu = −d2

α
∂nv on Γ

∂νv = 0 on ∂Ω× [0,T ]
+ initial conditions.
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The two-component system

0.2 0.4 0.6 0.8 1
x

0.2

0.4

0.6

0.8

1

u1,u2 k!100

0.2 0.4 0.6 0.8 1
x

0.2

0.4

0.6

0.8

1

u1,u2 k!1000

0.2 0.4 0.6 0.8 1
x

0.2

0.4

0.6

0.8

1

u1,u2 k!10000

0.2 0.4 0.6 0.8 1
x

0.2

0.4

0.6

0.8

1

u1,u2 k!100000
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Comments on the limit free boundary problem

This is a Stefan problem with zero latent heat.

This led us to search for a reaction-diffusion system whose solution
converges to that of a "real" Stefan problem

D. Hilhorst, M. Iida, M. Mimura, H. Ninomiya, Japan J. Ind. Appl. Math.
(2001)

To that purpose we need

• A three component system,
• With two partial differential equations coupled to an ordinary
differential equation.
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A three-component reaction-diffusion system

We consider the system

(
Qk)


∂tu = d1∆u + f (u)− ks1uv − kλs1(1 − w)u in Ω× R+

∂tv = d2∆v + g(v)− ks2uv − kλs2wv in Ω× R+

∂tw = k(1 − w)u − kwv in Ω× R+

∂νu = 0, ∂νv = 0, on ∂Ω× R+

u(·,0) = uk
0 , v(·,0) = vk

0 , w(·,0) = wk
0 on Ω,

uk
0 , v

k
0 ∈ C(Ω), wk

0 ∈ L∞(Ω),
0 ≤ uk

0 , v
k
0 ,w

k
0 ≤ 1;

uk
0 ⇀ u0, vk

0 ⇀ v0, wk
0 ⇀ w0 in L2(Ω) as k → ∞.

The function wk approximates the characteristic function of the habitat
of the population uk .
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The weak form of the limit free boundary problem

(
Qλ

)
∂tz = ∆D(φλ(z)) + h(φλ(z)) in Ω× R+

∂νD(φλ(z)) = 0 on ∂Ω× R+

z(·,0) = u0

s1
− v0

s2
+ λw0 on Ω,

with

D(r) := d1r+ − d2r−, h(r) :=
f (s1r+)

s1
− g(s2r−)

s2
, φλ(r) =

(r − λ)+ − r−.

We now have a Stefan problem with positive latent heat λ. We also
define the limit functions

u = s1φλ(z+), v = s2φλ(z−), w =
z − φλ(z)

λ
.
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The strong form of the Stefan problem with positive
latent heat

The functions u and v satisfy

(
Qλ

)


∂tu = d1∆u + f (u) in Qu :=
⋃
{Ωu(t), t ∈ [0,T ]}

∂tv = d2∆v + g(v) in Qv :=
⋃
{Ωv (t), t ∈ [0,T ]}

u = v = 0 on Γ :=
⋃
{Γ(t), t ∈ [0,T ]}

λVn = −d1

s1
∂nu − d2

s2
∂nv on Γ

∂νv = 0 on ∂Ω× [0,T ]
+ initial conditions.
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Present work with Ciotir, El Kettani and Goreac

With Mayan Mimura and Reiner Schätzle, we have proved that, as
λ → 0, the weak solution zλ of Problem (Qλ) converges to the weak
solution z of Problem (P).

Hilhorst, Danielle; Mimura, Masayasu; Schätzle, Reiner, Vanishing
latent heat limit in a Stefan-like problem arising in biology, Nonlinear
Anal. Real World Appl. 4 (2003), no. 2, 261–285.

With Ciotir, El Kettani and Goreac, we are adding a multiplicative noise
involving a white noise in time on the right-hand-side of the partial
differential equation for zλ, and try to prove a similar result. This study
is rather technical but I believe that it will work out.
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Mayan, may you rest in peace.
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"The floodgates to pattern formation problems" 
 

Yasumasa Nishiura (Hokkaido University, Japan) 
 

W. T. Gowers, a Fields medalist from Cambridge in 1998, eloquently expounded on the pivotal role of Paul Erdős 
in his essay titled "The Two Cultures of Mathematics." He (Erdős) is famous not because it has large numbers of 
applications, nor because it is difficult, nor because it solved a long-standing open problem. Its fame rests on the fact 
that it opened the floodgates to probabilistic arguments in combinatorics. 

In a similar vein, Mayan Mimura opened a parallel set of floodgates, ones that lead to the modeling and analysis of 
reaction-diffusion equations. I am eager to trace the initial footsteps of Mayan and delve into the lasting impact of his 
contributions on present-day research. 

  



Yasumasa Nishiura

Mathematics can change our society!
The floodgates to pattern formation problems

ICMMA 2023 at Meiji University
“In memory of Professor Mayan Mimura”



Encounter
• Encounter with Mayan in early 70’s (Konan Univ)

– Prof. Yamaguti‘s seminar
– Debate on “what is a good math model?”

• Scientific collaboration in 80’s and early 90’s (Hiroshima Univ) 
and discussion about the embryonic stage of the issues:
– On the necessity to establish an applied mathematics major.
– Importance of computational approach
– How should mathematics establish its relationship with various 

sciences? （諸科学との関係）

– Combining science and the humanities is quite challenging.   
（文理融合は簡単ではない）



C.P. Snow “The Two Cultures and the Scientific Revolution”
「２つの文化と科学革命」

人文的文化 vs 科学的文化
(The arts  vs  Sciences)

“Third culture” by John Brockman



Thomas Kuhn “Paradigm Shift”

• Those who aspire to become scientists acquire a specific paradigm 
through long apprenticeship and, upon obtaining degrees, engage 
in scientific research as full-fledged scientists. This is a form of 
puzzle-solving in the sense of research guided by the paradigm. 
Much of scientific research, in other words, normal science, is 
nothing but this kind of puzzle-solving.

• However, paradigms are not always secure indefinitely. Puzzles 
gradually run out, and, conversely, anomalies that cannot be dealt 
with by the paradigm accumulate. This eventually leads to a crisis 
of the paradigm, and from the midst of that confusion, a new 
paradigm emerges, leading to a "scientific revolution.”

• It is not clear what is a paradigm in mathematics, namely once it 
was proved rigorously, it becomes eternal. How about Kurt Gödel?



W. T. Gowers is a British 
mathematician 
(combinatorialist) at Cambridge 
awarded Fields medal 1998.
Since 2020, he is a professor at 
the Collège de France, born in 
1963.

Problem solver vs Theory builder

Criticisms of Combinatorics 
（from core mathematics）

1. Lacks direction, or goals of a general kind
2. Not particularly deep
3. No interesting connections to other parts of 
mathematics (core mathematics)
4. Many of them do not have applications

Moreover, mathematicians in the theory-building areas often regard what they are doing as the central
core of mathematics, with subjects such as combinatorics thought of as peripheral and not particularly 
relevant to the main aims of mathematics.
One can almost imagine a gathering of highly educated mathematicians expressing their incredulity
at the ignorance of combinatorialists, most of whom could say nothing intelligent about quantum 
groups, mirror symmetry, Calabi-Yau manifolds, the Yang-Mills equation, solitons or even cohomology.



These criticisms can be answered in a similar way. Consider first the notion 
that there are not general goals in combinatorics. I quote again from the 
interview with Atiyah [A1]:
“I was thinking more of the tendency today for people to develop whole areas 
of mathematics on their own, in a rather abstract fashion. They just go on 
beavering away. （せっせと働く）
If you ask what is it all for, what is its significance, what does it connect with 
you and that they don't know.

Atiyah was not particularly referring to combinatorics, but he makes a 
powerful point, and it is as important for combinatorialists as it is for anyone 
else to show that they are doing more than merely beavering away.

流れるままに





Why should problem-solving subjects be less highly regarded than theoretical ones?
To answer this question we must consider a more fundamental one: what makes one piece
of mathematics more interesting than another? Once again, Atiyah writes very clearly
and sensibly on this matter (while acknowledging his debt to earlier great mathematicians
such as Poincar e and Weyl). He makes the point (see for example [A2]) that so much
mathematics is produced that it is not possible for all of it to be remembered. The processes
of abstraction and generalization are therefore very important as a means of making sense
of the huge mass of raw data (that is, proofs of individual theorems) and enabling at least
some of it to be passed on. The results that will last are the ones that can be organized
coherently and explained economically to future generations of mathematicians. Of course,
some results will be remembered because they solve very famous problems, but even these,
if they do not into an organizing framework, are unlikely to be studied in detail by more
than a handful of mathematicians. 

抽象化と一般性がなければ，次へは進めない．

The important ideas of combinatorics do not usually appear in the form of precisely stated theorems, 
but more often as general principles of wide applicability.

Combinatorics ではその現れ方は違う．例えばErdos の例では

This result of Erdos [E] is famous not because it has large 
numbers of applications, nor because it is difficult, nor because 
it solved a long-standing open problem. Its fame rests on the 
fact that it opened the floodgates to probabilistic arguments in 
combinatorics.



Lower bound:                       probabilistic method       



Some branches of mathematics are dominated by a small number of problems of 
universally acknowledged importance. One can justify many results by saying that, 
in however small a way, they shed light on the Riemann hypothesis, the Birch-
Swinnerton-Dyer conjecture, Thurston's geometrization conjecture, the Novikov 
conjecture or something of the kind.

It would be difficult to demonstrate that combinatorics had many general goals of
the sort just mentioned (with the one exception of the P=NP problem).
However, just as the true significance of a result in combinatorics is very often 
not the result itself, but something less explicit that one learns from the proof, so 
the general goals of combinatorics are not always explicitly stated.

ゴールが明確に示されている分野もある

Combinatorics では少しそれとは異なる

Something similar?
The dichotomy of Applied Math vs Pure Math



How do you select a problem to study?



Floodgates
• Finding of new things:

– Finding of new phenomena
• Quasi-crystal, chaos, …

– Finding new (simple) model
• Landau model, Kuramoto model, …

– Finding of new methods
• Connecting two different concepts

– Important in Mathematics
• Trigger to explore a new world

– Introduce a new insight to a hard problem (like Paul Erdos)
• Establish a common platform for applied mathematicians

– Collaborations with interdisciplinary people
– Incubator in all directions
– Mayan was skilled at conversation and good at winning people over.



MIMS
• Mayan’s dream of Applied Math Dept. with many twists and turns starting 

around late 80’s, tough negotiations with deans and presidents
– Hiroshima Univ. 

• Dept. of Mathematical and Life Sciences (1999)
数理分子生命理学専攻

• Graduate School of Integrated Sciences for Life (2019)
Program of Mathematical and Life Sciences

– Meiji Univ. 
• MIMS was established!

• Combining science and the humanities is quite challenging.   （文理融合は簡単ではない）

"Ecocultural range-expansion model of modern humans in Paleolithic"  by Joe Yuichiro
Wakano (Archaeology based on ancient DNA analysis)

Soft science vs Hard science



Soft science vs Hard science
Soft sciences are often harder than hard sciences

Discover (1987, August) by Jared Diamond

相互理解のギャップがもたらす不幸

“pseudo Mathematics” by Huntington

S. Huntington.                                                                                                               S. Lang



(NAS: National Academy of Sciences)



Summary

• The Two Cultures: C.P. Snow
– The arts vs Sciences:

• The two cultures of Mathematics: W.T. Gowers
–Michael Atiya’s Interview

• Soft sciences vs Hard sciences: Jared Diamond
– Huntington vs Serge Lang

• Border between pure and appl is disappearing.
– Appl. Math broadens the spectrum of pure math.
– Appl math demands all mathematics.



There still remains a gap, however,

• Mayan Mimura opened the floodgates to  pattern 
formation problems!
– New modeling in mathematical biology
– New collaborations among interdisciplinary fields
– New institute where two cultures meet

Above all, it has bestowed upon me the joy and delight of 
scholarly exploration

そして多くの研究の喜びと楽しさを伝えてくれた



1988@Hiroshima



Ogawa-san’s cottage
2010, September

Mayan’s cottage
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Thank you for listening!



 

"Keller-Segel type approximation for nonlocal 

 Fokker-Planck equations in one-dimensional bounded domain" 
 

Yoshitaro Tanaka (Future University Hakodate, Japan) 
 

To describe biological phenomena such as cell migration and cell adhesion many evolutional equations are proposed in 
which an advective convolution term with a suitable integral kernel is imposed. It is well known that such nonlocal 
equations can reproduce various behaviors depending on the shape of the integral kernel. These nonlocal evolutional 
equations are often difficult to analyze, and the analytical method is developing. In the light of these background we 
approximate the nonlocal Fokker-Planck equations by the combination of a Keller-Segel system which is a typical and 
locally dynamical system. We will show that the solution of the nonlocal Fokker-Planck equation with any even 
continuous integral kernel can be approximated as a singular limit of the Keller-Segel system with specified parameters.  

 

  



Keller-Segel type approximation for nonlocal 
Fokker-Planck equations in one-dimensional 

bounded domain

Speaker：◯Yoshitaro Tanaka（Future University Hakodate）

Supported by JSPS, Grant number JP20K1436

ICMMA 2023, "Reaction-diffusion systems: from the past to the future ” in memory of Prof. Masayasu
Mimura，Meiji University, 1 Nov. 2023. Chair: Toshiyuki OGAWA

Collaborator： Hideki Murakawa (Ryukoku University)

Dedicated to the memory of Professor Masayasu Mimura



◉ Neural firing phenomenon [S. Amari Bio. Cybernetics 1977], [C. Laing & W. Troy Phsica D 2003]，

◉ Pigmentation pattern in animal skin [J.D. Murray, Springer 2003], [S. Kondo, J.T.B. 2017]

Schematic figure:

Nonlocal interactions

Nonlocal interactions （spatially long range interactions） have 
attracted attentions in various fields:

Typical modelings: 
<latexit sha1_base64="YuFK6amdMtXWpz3Wg5+I0PCA9SM="></latexit>

K = K(x): an integral kernel,

<latexit sha1_base64="YXbn1kqgdQUSztO4gKNLIadeAUA="></latexit>

b > 0 : a const.

<latexit sha1_base64="IHAXMzDThKGw+nHKd3epCuzuO9c="></latexit>

u = u(x, t) :some density,

<latexit sha1_base64="+2rfkxM+yVen8CMvSIktef4XDvg="></latexit>

ut = K ⇤ u� bu+ · · · ,

9

Dispersal, Growth rate・・・ Velocity

Normal type

Spatial convolution with suitable integral kernel
Advective type

<latexit sha1_base64="Gi0xkv9Lk9+XMvuRYp2gjdeQtjM="></latexit>

ut = �r · (ur(K ⇤ u)) + · · ·

[c.f. Ninomiya, T., Yamamoto, J.M.B 2017, J.J.I.A.M., 2018]

<latexit sha1_base64="uAxYtv+Xy80zrTuRnhu6Yl5yZ7E="></latexit>

K ⇤ u =

Z
K(x� y)u(y, t)dy



Biological examples of nonlocal interactions
◉ Cell size and cell projections
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⇢"(|x|� l),

[Yamanaka, Kondo, P.N.A.S. 2009] [Kondo. J. Theor. Biol., 2017]

・HEK 293 cells for experiments of cell adhesions

・Pigment cells in skin of zebra fish

[Togashi et al. J. Cell Biol. 2016]

Movies of cell migration and adhesions:

[Murakawa, Togashi,  J.T.B., 2015]

Shematic figure of 
sensing function:

Size of cell body 

Sensing function

=

generate various pigment patterns by alternating the cell move-
ment, which is induced by direct cell interaction.

Results
Purifying and Culturing Pigment Cells from Zebrafish Fins. We first
used density gradient centrifugation to separate pigment cells
from other cells (14). Because zebrafish pigment cells are quite
vulnerable, we optimized the cell purification method to main-
tain viability, including optimization of the protease combina-
tion, digestion time and temperature, centrifuge conditions, dish
coating, and culture media (Fig. 1C). Consequently, the viability
and purity of the pigment cells were remarkably improved (a
detailed protocol is in Materials and Methods). One of the im-
portant variables of the protocol was the centrifugation speed.
We found that centrifugation at more than 30 × g caused drastic
and severe damage to the cells. Therefore, the cells should be
centrifuged at less than 30 × g. Another critical factor was the
serum concentration. When pigment cells were cultured in se-
rum-free medium, the cells attached very well to the bottom of
the dish, although the cells showed little movement. We found
that even 1% FBS severely reduced the number of attached cells
(Fig. 1 D and E). Therefore, we used serum-free medium (L15
medium) for harvesting cells and added serum immediately
before observation.

Cell Movement Induced by Contact Between Xanthophores and
Melanophores. We exchanged the medium 24 h after cell har-
vest to induce pigment cell movements. Melanophores and
xanthophores moved in random directions. Between the same
type cells, they did not show an obvious interaction response
(Movies S1 and S2). However, between xanthophores and
melanophores, an interesting interaction was observed (Fig. 2A
and Movie S3). Xanthophores actively extended pseudopodia to
neighboring melanophores, and melanophores moved to avoid

the pseudopodia. The xanthophores then extended pseudopodia
and chased the melanophores.
In our previous study, we observed that a weak repulsive re-

sponse of melanophores was triggered by contact with xantho-
phores (15). In this system, we found that the interaction was not
a simple repulsive response but a more active and continuous
run-and-chase movement. The run-and-chase movement was
quite similar to the exclusive movement of melanophores in vivo
(16). The similarity between these movements suggested that the
cell movement observed in vitro was related to pattern formation
in vivo.
However, we observed the run-and-chase movement only be-

tween xanthophores and melanophores that were paired by
chance when pigment cells were spread as a mixture of xantho-
phores and melanophores. Therefore, to analyze cell interaction
in a controlled condition, we isolated single pigment cells and
transferred them to another dish (Fig. 2B). Using this method,
we could arrange the cells as we liked and analyze the inter-
actions in a controlled condition without interference from other
cells (Fig. 2C). In this condition, the run-and-chase movement was
observed similarly as in the mixed culture (Fig. 2D and Movie S4).
Hereafter, we analyzed cell movement using this system.

Centrifugation with percoll

Cut out tail fin and anal fin from zebrafish

Remove epidermal cells by trypsin, 
digest collagen with collagenase

Suspend pellet in serum free L-15 medium, 
culture harvested pigment cells in dish

Filtration 

Dissect fins

CA WT

BB

E 1 % FBS1 % FBS1 % FBSD serum freeserum free

Fig. 1. Harvesting pigment cells from zebrafish fins. (A) Adult WT zebrafish.
(B) Magnified image of the surface of a WT fish body. Black spots are
melanophores, and yellow spots are xanthophores. Clear gaps exist between
the regions containing melanophores and the regions containing xantho-
phores. (C) A schematic diagram describing the harvest of pigment cells from
fins. (D and E) The effect of serum in the medium on cell spreading. Cell
pellets were suspended in (D) serum-free L15 medium or (E) medium con-
taining 1% FBS. (Scale bars: A, 5.0 mm; B, D, and E, 100 μm.)

pick up pigment cells and transfaer to 
other dish.

B C

D 0:00

X
M

48:00

48:00

16:00 32:00

16:00 32:000:00

X

M

E 00:8400:0 16:00 32:00
XM

AA

Fig. 2. Dynamic interactions between a melanophore and a xanthophore.
(A) Cell interactions between a melanophore and a xanthophore. The xan-
thophore extended pseudopodia to the melanophore. The melanophore
then moved away from the pseudopodia, and the xanthophore chased the
melanophore. Arrows indicate the directions of cell movements. (B) A
schematic diagram describing the manipulation of pigment cells. (C) Trans-
ferred pigment cells. Black arrowheads indicate pairs of melanophores and
xanthophores. The white arrowhead indicates a pair of melanophores. (D)
Interactions between a melanophore and a xanthophore. The transferred
pigment cells exhibit interactions that are similar to the interactions ob-
served in a mixed culture. Arrows indicate the directions of cell movements.
(E) Interactions of a xanthophore and a melanophore-expressing mem-
brane-targeting EGFP. A xanthophore extended pseudopodia to a melano-
phore during interaction, and pseudopodia kept contact with the surface of
the melanophore. White arrowheads indicate the pseudopodia of the xan-
thophore. M, melanophore; X, xanthophore. (Scale bar, A, D, and E, 50 μm;
C, 100 μm.)

1868 | www.pnas.org/cgi/doi/10.1073/pnas.1315416111 Yamanaka and Kondo

[Yamanaka, Kondo, P.N.A.S., 2009]
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Mathematical models with advective non-local interactions

11

② Cell adhesion model [Togashi, Murakawa, J.T.B., 2015], [Carrillo, Murakawa, 
Sato, Togashi, Trush, J.T.B., 2019]

① Aggregation diffusion model (Collective motion & cell migration) 

→ linear diffusion        : Nonlocal Fokker-Planck equation
<latexit sha1_base64="GU5Z4p0eFpeEIIEGoIFFnTDQ+og="></latexit>⇢xx

<latexit sha1_base64="b9Cf0w7s/nczWetiLa/YGpx8sGE="></latexit>

m = 1

[Carrillo, Craig, Yao, Model. Simul. Sci. Eng. Technol., 2019 ]

<latexit sha1_base64="rGzslGna5Ed2H0FlmNKMl1ew8vE="></latexit>

@u

@t
= �u2 �r · (u(1� u)r(K ⇤ u)) + f(u),

advection

advection

<latexit sha1_base64="Diy2dhaxBMNSH7+6TcjLE9RKkVY="></latexit>

⇢t = �⇢m �r · (⇢r(K ⇤ ⇢)), m � 1
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R > 0 : Size of cell body,
<latexit sha1_base64="1LEY7dDRbM6621yNuSuJRMivsPk="></latexit>

K(x) = (R� |x|)�B(0,R)(x),
<latexit sha1_base64="ssjKVNoXxmI5RHp0gCXYhlOrqoY="></latexit>

�B(0,R)(x) =

(
1 if x 2 B(0, R),

0 otherwise
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B(0, R) : Ball,
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@u

@t
= �u2 �r · (u(1� u)r(W ⇤ u)) + f(u)

Porous medium type

Motivation & Aim 

12

◉ Motivation: To analyze (multiple components) cell adhesion model

・Difficulties: Nonlinear diffusivity & nonlocality

advection

◉ Aim: As a first step, we reveal whether the advective nonlocal 
interaction in the nonlocal Fokker-Planck equation can be 
approximated by a Keller-Segel system or not

・Approximation for nonlinear diffusion by linear diffusion
[Murakawa, J.J.I.A.M., 2018]

<latexit sha1_base64="0sACRpLLOl2WApOZMqMieNgB3NQ="></latexit>
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Nonlocal Fokker-Planck equation



Model: Nonlocal Fokker-Planck equation

15

where periodic B.C. is imposed and                                 for 
<latexit sha1_base64="gHrbVgNylNmRIhB+VT3j9YbpXvY="></latexit>

W ⇤ u =

Z L

�L
W (x� y)u(y, t)dy
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W 2 L1(⌦)2L-periodic                   .

We analyze the following nonlocal Fokker-Planck equation:

◉ Typical examples:
<latexit sha1_base64="2QsBxoar7fyD+q4R3wfBQhvDYfE="></latexit>

B(0, R) : a ball with radius    ,             : characteristic func.
<latexit sha1_base64="2rlkYi6hHkRLyIj9PZ9eQD3VWFc="></latexit>

�B(x)

<latexit sha1_base64="lCY/0gm4rXLreOrcpgJBYzusprI="></latexit>

(P)

velocity

◉ is the velocity of advection term.
<latexit sha1_base64="HAWyFfPr84AkovFVDrNdzZz/e48="></latexit>

(W ⇤ ⇢)x = W ⇤ ⇢x = Wx ⇤ ⇢
ここからExamples of       : 
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K(x) = (R� |x|)�B(0,R)(x),
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kj(x)
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⇢(x, 0) := ⇢0(x) 2 C2(⌦),
t > 0, x 2 ⌦ := [�L,L],
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We introduce the auxiliary attractive and repulsive substances  

where                          , and           are nonzero constants.0 < " ⌧ 1,
<latexit sha1_base64="S4Fgovv5GbKW/tfop0Zy1HmiF9w="></latexit>

dj > 0

◉ If      ,       becomes the Keller-Segel eq. with linear sensitive func.

[c.f. Ninomiya, T., Yamamoto, J.M.B 2017, J.J.I.A.M., 2018]
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◉ Taking the limit of              , we expect that 

In fact, we have                                     where
Base of non-local interaction
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.
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in the part of advective nonlocal interaction.
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Let     be an arbitrary fixed natural number, and        be a solution 
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What is the relationship between any even potential and 
the Keller-Segel system?
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Setting                 , we have

Realization of any even kernel

Assume that       is even in     and in             and, let       be
. Then, for any           there 

exist explicit         such that 

Theorem 2 (cf. Existence of            : [Ninomiya, T., Yamamoto, J.M.B., 2017])
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From this theorem, we can approximate the solution of     with any 
kernel by solution of        with specified parameters.
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Profiles of      and         
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For any even 2L-periodic             function    , any        and any
, there exist a Keller-Segel system with        component, 

and a positive constant     independent of   such that
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◉ Combining the solution of a Keller-Segel system with the linear 
sensitive function        can approximate the solution of the 
nonlocal Fokker-Planck eq. with any integral kernel in     . 
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"Spreading fronts arising from the singular limit of reaction-diffusion systems" 
 

Chang-Hong Wu (National Yang Ming Chiao Tung University, Taiwan) 
 
To gain insight into the formation of spreading fronts of invasive species, in this presentation we will focus on the 
singular limit of reaction-diffusion systems.  
We investigate the dynamics of the limiting systems and give some interpretations for spreading fronts from the 
modeling viewpoint. The talk is based on joint works with Hirofumi Izuhara and Harunori Monobe. 
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The habitat segregation phenomenon

Mimura-Yamada-Yotsutani (1985,1986,1987)

ut = d1uxx + f (u), 0 < x < h(t), t > 0,
vt = d2vxx + g(v), h(t) < x < 1, t > 0,
u(0, t) = M1, v(1, t) = M2, t > 0,
u(h(t), t) = v(h(t), t) = 0, t > 0,
h′(t) = −µ1ux(h(t), t)− µ2vx(h(t), t), t > 0,
h(0) = h0 ∈ (0, 1),
u(x , 0) = u0(x), 0 < x < h0, v(x , 0) = v0(x), h0 < x < 1.

The global existence, uniqueness, regularity, asymptotic behavior of solutions,
and stability of stationary solutions

Classical Stefan problems arise in many physical problems such as the melting of
materials and freezing of liquid (Rubinstein 1971)
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The spreading of an invasive species

Du-Lin (2010): 
ut = duxx + u(a − bu), 0 < x < h(t), t > 0,
ux(0, t) = 0, u(h(t), t) = 0, t > 0,
h′(t) = −µux(h(t), t), t > 0,
h(0) = h0, u(x , 0) = u0(x), 0 < x < h0,

Spreading-Vanishing dichotomy

critical length: h∗ := π
2

√
d
a

Semiwaves exist when c0 ∈ (0, 2
√

ad)

The global dynamics (Du-Matsuzawa-Zhou 2014, 2015)
If h∞ := limt→∞ h(t) = ∞, then u(x , t) → Uc0 (h(t)− x) uniformly in x , as t → ∞.

A biological explanation for FBC: population loss (Bunting-Du-Krakowski 2012)
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Scalar equations: see also Kaneko-Yamada (2011), Bunting-Du-Krakowski
(2012), Chang-Chen (2012), Du-Matano-Wang (2014), Du-Lou (2015),
Du-Matsuzawa-Zhou (2014,2015), Kaneko-Matsuzawa (2015,2018), Wang
(2015,2016), Monobe-W. (2016), Zhao-Wang (2018),
Kaneko-Matsuzawa-Yamada (2020,2022,2023), El-Hachem-McCue-Simpson
(2021) and more.

Guo-W. (2012): two species with the weak competition
ut = uxx + u(1 − u − kv), 0 < x < s(t), t > 0,
vt = Dvxx + rv(1 − v − hu), 0 < x < s(t), t > 0,
ux(0, t) = vx(0, t) = 0, u(s(t), t) = v(s(t), t) = 0, t > 0,
s′(t) = −µ1ux(s(t), t)− µ2vx(s(t), t), t > 0,

See also Guo-W. (2015), W. (2015, 2019), Du-W. (2018,2022), Wang-Zhang
(2017), Liu-Huang-Wang (2019) for models with two different spreading fronts.
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Question: can reaction-diffusion systems approximate these problems?

Fast-reaction limit, spatial segregation limit: Hilhorst-van der
Hout-Peletier (1996), Dancer-Hilhorst-Mimura-Peletier (1999),
Ei-Ikota-Mimura (1999), Hilhorst-Iida-Mimura-Ninomiya (2001),
Hilhorst-Mimura-Schatzle (2003),
Crooks-Dancer-Hilhorst-Mimura-Ninomiya (2004),
Crooks-Dancer-Hilhorst (2007), Alfaro-Hilhorst-Matano (2008),
Hilhorst-Mimura-Ninomiya (2009), Murakawa-Ninomiya (2011) and more
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Competition models with a small parameter

Izuhara-Monobe-W. (2023):

(Pε)



∂tui = di∆ui + fi(ui)−
n∑

j=1, j ̸=i

hij(ui , uj)−
1
ε

Fi(ui ,w), in QT ,

∂tw = dw∆w + g(w)−
n∑

i=1

βi

ε
Fi(ui ,w), in QT ,

∂νui = ∂νw = 0, on ∂QT ,

(ui(x , 0),w(x , 0)) = (ui,0(x),w0(x)), in Ω,

i = 1, · · · , n, Ω is a bounded domain in RN with smooth boundary ∂Ω,
QT := Ω× (0,T ], ∂QT := ∂Ω× (0,T ].

di > 0, βi > 0, ε > 0 and dw ≥ 0 (if dw = 0, ∂νw = 0 is dropped)

fi and g stand for the intraspecific growth functions of ui and w , respectively;

hij measures the interspecific competition from the species uj to species ui ;

Fi measures the interspecific competition between the species ui and w .

Izuhara-Monobe-W. (2021) considered n = 2, g ≡ 0 and dw = 0.
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Competition models with a small parameter

In this talk, we consider

fi(ui) = riui

(
1 − ui

Ki

)
, hij = αijuiuj , Fi(ui ,w) = γiuiw , g(w) = rw w

(
1 − w

Kw

)
For initial data, 0 ≤ ui,0 ≤ Ki , 0 ≤ w0 ≤ Kw and ui,0 ∈ C(Ω),

w0 ∈ C(Ω) if dw > 0; w0 ∈ L∞(Ω) if dw = 0.

Proposition

For any T > 0 and ε > 0, there exists a unique solution (uε
i ,w

ε) to (Pε) with the following
regularity

(i) if dw > 0,
uε

i ,w
ε ∈ C(QT ) ∩ C2,1(Ω× (0,T ])

(ii) if dw = 0,

uε
i ∈ C(QT ) ∩ C1

(
(0,T ];C(Ω)

)
∩ C

(
(0,T ];W 2,p(Ω)

)
, wε ∈ C1([0,T ]; L∞(Ω))

for i = 1, 2, · · · , n and QT := Ω× (0,T ]. Moreover,

0 ≤ uε
i ≤ Ki , i = 1, ..., n, and 0 ≤ wε ≤ Kw .
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The case dw = 0
We first consider dw = 0:

(Pε)



∂tui = di∆ui + fi(ui)−
n∑

j=1, j ̸=i

hij(ui , uj)−
1
ε

Fi(ui ,w), in QT ,

∂tw = g(w)−
n∑

i=1

βi

ε
Fi(ui ,w), in QT ,

∂νui = 0, on ∂QT ,

(ui(x , 0),w(x , 0)) = (ui,0(x),w0(x)), in Ω,

Claim: there exist ûi , ŵ ∈ L2(0,T ;H1(Ω)) such that

uε
i → ûi , wε → ŵ strongly in L2(QT ) and weakly in L2(0,T ;H1(Ω))

as ε → 0 (up to a subsequence) and

ûi ŵ = 0 a.e. in QT ∀i (Segregation property)

Multiplying the equation of ui by βi and sum them up for i :

n∑
i=1

βi∂tui =
n∑

i=1

[
βidui∆ui + βi fi(ui)−

n∑
j=1, j ̸=i

βihij(ui , uj)
]
−

n∑
i=1

βi

ε
Fi(ui ,w).

We subtract the equation of w from the above equation,

n∑
i=1

βi∂tui − ∂tw =
n∑

i=1

[
βidi∆ui + βi fi(ui)−

n∑
j=1, j ̸=i

βihij(ui , uj)
]
− g(w).
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We multiply it by a test function ζ. Then, by integrating it over QT , using integration by
parts,∫∫

QT

( n∑
i=1

βiui − w
)
ζt −

n∑
i=1

[
βidi∇ui · ∇ζ + βi fi(ui)ζ −

n∑
j=1, j ̸=i

βihij(ui , uj)ζ
]

−
∫∫

QT

g(w)ζ = −
∫
Σ

( n∑
i=1

βiui,0 − w0

)
ζ(x , 0),

where (ui ,w) = (uε
i ,w

ε).
Passing to the limit in ε along a subsequence,∫∫

QT

( n∑
i=1

βi ûi − ŵ
)
∂tζ −

( n∑
i=1

βidui∇ûi

)
· ∇ζ (2.1)

+
[ n∑

i=1

βi fi(ûi) +
n∑

i=1

n∑
j=1,j ̸=i

βihij(ûi , ûj)− ŵg(ŵ)
]
ζ dxdt

= −
∫
Ω

( n∑
i=1

βiui,0 − w0

)
ζ(x , 0) dx

for any ζ ∈ C∞(QT ) with ζ(x ,T ) = 0.
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Assume that ∃Ω1(t), Ω2(t) and Γ(t) are ’good enough’:
Ω1(t) := {x ∈ Ω| ûi(x , t) > 0, i = 1, 2, ..., n},
Ω2(t) := {x ∈ Ω| ŵ(x , t) > 0},
Ω = Ω1(t) ∪ Ω2(t), Γ(t) := Ω1(t) ∩ Ω2(t),

Next, we define

Q1
T :=

⋃
0<t≤T

Ω1(t)× {t}, Q2
T :=

⋃
0<t≤T

Ω2(t)× {t}, ΓT :=
⋃

0<t≤T

Γ(t)× {t}.

By some assumptions on the smoothness of interfaces, we can separate QT into Q1
T

and Q2
T , respectively, in the integral (2.1), we have∫∫

Q1
T

ζ

n∑
i=1

βi

[
− ∂t ûi + dui∆ûi + fi(ûi)−

n∑
j=1,j ̸=i

hij(ûi , ûj)
]

dxdt

+

∫∫
Q2

T

ζ(∂t ŵ − g(ŵ)) dxdt −
∫ T

0

∫
Γ(t)

ζ
{

ŵV +
n∑

i=1

βidui∂ν ûi

}
dΩdt , (2.2)

for any ζ ∈ C∞(QT ) with ζ(x ,T ) = 0, where V denotes the normal velocity from Ω1(t)
to Ω2(t) at Γ(t) and we further assume that initial conditions are segregated.



Introduction Competition-diffusion models Numerical results Summary

Main result (dw = 0)

Theorem (Izuhara-Monobe-W. 2023)

Assume that dw = 0. Suppose that Γ(t) is a smooth closed oriented hypersurface satisfying
∂Ω ∩ ∂Ω1(t) = ∅ for all t ∈ [0,T ], and Γ(t) moves smoothly. Moreover, we suppose that ŵ
is also smooth in Q2

T and ûi (i = 1, 2, ..., n) is smooth in Q1
T . Then ŵ satisfies

d
dt

ŵ(x , t) = g(ŵ), (x , t) ∈ Q2
T ,

and (ûi ,Ωi(t), Γ(t)) satisfies the following free boundary problem:

∂tui = di∆ui + fi(ui)−
n∑

j=1, j ̸=i

hij(ui , uj) in Q1
T , i = 1, 2, · · · , n,

ui = 0 on ΓT , i = 1, 2, · · · , n,

ŵ(x , t)V = −
n∑

i=1

βidi∂νui on ΓT ,

w(x , t) = w0(x) in Q2
T ,

u(x , 0) = ui,0(x) in Ω1(0), i = 1, 2, · · · , n,
w(x , 0) = w0(x) in Ω2(0),

(2.3)

where

Q1
T :=

⋃
0<t≤T

Ω1(t)× {t}, Q2
T :=

⋃
0<t≤T

Ω2(t)× {t}, ΓT :=
⋃

0<t≤T

Γ(t)× {t}.
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Proposition (Izuhara-Monobe-W. 2023)

Assume that Ω = (−L, L) and
s±(0) = ±s0, ui(x , 0) = ui,0(x), x ∈ [−s0, s0] for some s0 ∈ (0, L);
ui,0 ∈ C2([−s0, s0]), ui,0(±s0) = 0, w0 ∈ Cα([−L, L]), α ∈ (0, 1),
0 ≤ ui,0(x) ≤ Ki , x ∈ [−s0, s0]; 0 < w0(x) ≤ Kw , x ∈ [−L, L],

Then the free boundary problem (2.3) admits a unique classical solution

(ui , s) ∈ [C2+α,1+α
2 (DT )]

n × C1+α
2 ([0,T ]), i = 1, 2, · · · , n,

for some small T > 0, where

DT := {(x , t)| s−(t) ≤ x ≤ s+(t), t ∈ (0,T ]}.

Moreover, the unique solution can be extended up to a time T ∗ satisfying either
limt↗T∗ s+(t) = L or limt↗T∗ s−(t) = −L.

Since w0 > 0 in [−L, L] and w satisfies the logistic equation, we have ki > 0 such that
k1 ≤ w ≤ k2 for all t ≥ 0.

Contraction mapping principle
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Main result (dw > 0)

Using a similar argument as in dw = 0, we can obtain

Theorem (Izuhara-Monobe-W. 2023)

Assume that dw > 0. Suppose that Γ(t) is a smooth closed oriented hypersurface satisfying
∂Ω ∩ ∂Ω1(t) = ∅ for all t ∈ [0,T ], and Γ(t) moves smoothly. Moreover, we suppose that ŵ is also
smooth in Q2

T and ûi (i = 1, 2, ..., n) is smooth in Q1
T . Then (ûi , ŵ ,Ωi(t), Γ(t)) satisfies the

following free boundary problem:

∂tui = dui∆ui + fi(ui)−
n∑

j=1, j ̸=i

hij(ui , uj) in Q1
T ,

∂tw = dw∆w + g(w) in Q2
T ,

ui = w = 0 on ΓT ,

dw∂νw +
n∑

i=1

βidui∂νui = 0 on ΓT ,

∂νw = 0 on ∂Ω× (0,T ),

u(x , 0) = ui,0(x) in Ω1(0),
w(x , 0) = w0(x) in Ω2(0),

(2.4)

When n = 1, the free boundary problem reduces to the one proposed by
Dancer-Hilhorst-Mimura-Peletier (1999).
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The revisit: the role of diffusion d1

We revisit the free boundary problem studied by Du and Lin (2010).

Consider 
ut = d1uxx + u(a − bu)− b13

ε
uw , x ∈ Ω, t > 0,

wt = rw w(1 − w
Kw

)− b31

ε
uw , x ∈ Ω, t > 0,

∂νu = 0, x ∈ ∂Ω, t > 0,

where u0 > 0 and w0 > 0 are spatial segregated.

Consider 1D case and spatial symmetry, we are led to study

ut = d1uxx + u(a − bu), 0 < x < h(t), t > 0,
ux(0, t) = 0, u(h(t), t) = 0, t > 0,

h′(t) = − d1b31

w(h(t), t)b13
ux(h(t), t), t > 0,

h(0) = h0, u(x , 0) = u0(x), 0 < x < h0,

Q: the role of d1 in the spreading of u? We can revisit the free boundary problems
in the existing literature.



Introduction Competition-diffusion models Numerical results Summary

The revisit: two weakly competitive species

A modeling perspective for the free boundary condition in Guo-W. (2012):

Consider

ut = d1uxx + r1u(1 − u − hv)− b13

ε
uw , x ∈ Ω, t > 0,

vt = d2vxx + r2v(1 − v − ku)− b23

ε
vw , x ∈ Ω, t > 0,

wt = rw w(1 − w
Kw

)− b31

ε
uw − b32

ε
vw , x ∈ Ω, t > 0,

∂νu = ∂νv = 0, x ∈ ∂Ω, t > 0,

where u0 > 0 (resp., v0 > 0) and w0 > 0 are spatial segregated.

Then the limiting problem has the free boundary condition:

h′(t) = − d1b31

w(h(t), t)b13
ux(h(t), t)−

d2b32

w(h(t), t)b23
vx(h(t), t), t > 0,

where w obeys the logistic equation.
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Numerical results

Q: is there any difference between the cases dw > 0 and dw = 0?

We consider the interaction between three weakly competing species ui (i = 1, 2, 3)
and one strongly competing species w :

∂tu1 = d1∂xx u1 + r1u1

(
1 − u1

K1

)
− α12u1u2 − α13u1u3 −

1
ε
γ1u1w ,

∂tu2 = d2∂xx u2 + r2u2

(
1 − u2

K2

)
− α21u2u1 − α23u2u3 −

1
ε
γ2u2w ,

∂tu3 = d3∂xx u3 + r3u3

(
1 − u3

K3

)
− α31u3u1 − α32u3u2 −

1
ε
γ3u3w ,

∂tw = dw∂xx w + rw w
(

1 − w
Kw

)
− 1

ε
(β1γ1u1 + β2γ2u2 + β3γ3u3)w ,

The parameter values are all fixed except for dw and ε:

d1 = 0.75, d2 = 0.1, d3 = 1.0, r1 = 0.25, r2 = 0.35, r3 = 0.3, rw = 0.25,

K1 = 1.1, K2 = 0.9, K3 = 1.0, Kw = 1.0, α12 = 0.15, α13 = 0.25, α21 = 0.2,

α23 = 0.1, α31 = 0.1, α32 = 0.2, γ1 = γ2 = γ3 = 1.0, β1 = 0.8, β2 = 0.75, β3 = 0.7,

The coexistence state: (u∗
1 , u

∗
2 , u

∗
3 ) ≈ (0.084760, 0.732021, 0.483733).
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Numerical results
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Summary

We consider the spatial segregation limit for two types of
competition-diffusion systems and derive two free boundary problems.

We revisit the free boundary problems in the literature and study the role
of diffusion.

We also present numerical results that demonstrate the complexity of
the role played by diffusion rates.

The interpretation of the parameter in the free boundary condition may
be helpful for its application to real-world data (Izuhara-Monobe-W.
2021).
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Thank you for your attention



 

"Segregation pattern in a reaction-diffusion model of asymmetric cell division" 
 

Yoshihisa Morita (Ryukoku University, Japan) 
 

We deal with a mathematical model describing polarity in the asymmetric cell division of C. elegans embryo. In the 
maintenance phase of asymmet- ric cell division anterior PAR protein (aPAR) and posterior PAR protein (pPAR) are 
exclusively formed and a segregation pattern is created for the polarizations of aPAR and pPAR. Seirin-Lee and Shibata 
(2015) proposed a 4-component reaction-diffusion system with mass conservation as a model to describe the segregation 
pattern. Later, some gradient-like dynamics and variational structure in a slightly modied model system were revealed 
by Morita and Serin-Lee (2021). In this talk we review their work and report a recent progress. 
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In the asymmetric cell division of C. elegans embryo,  anterior PAR 
protein (aPAR) and posterior PAR protein (pPAR) are exclusively formed in 
an asymmetrical manner, and in the maintenance phase a segregation 
pattern is created for the polarizations of aPAR and pPAR.

We remark that PAR proteins are mostly upstream regulators that 
control the downstream proteins and a series of the processes of 
asymmetric cell division.

sperm entry

1. Introduction
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Am

Ac

Pm

Pc

Membrane

Cytosol

@tPm = Dmr2Pm � FoffPm + FonPc
<latexit sha1_base64="qwroBZOCG9o7GessIO8fyJh66vk="></latexit>

@tPc = Dcr2Pc + FoffPm � FonPc
<latexit sha1_base64="Lg8Cjp6+p9HOXZEl3QYH+AdkF5Q="></latexit>

@tAc = Dcr2Ac + F offAm � F onAc
<latexit sha1_base64="Z3xwJOfjYGachz59HUtYiuJSmlo="></latexit>

@tAm = Dmr2Am � F offAm + F onAc
<latexit sha1_base64="Z1nriykGd8WuXdsoHBJQILqo5L8="></latexit>

Those o↵-rate functions depend on Am and Pm respectively.
<latexit sha1_base64="uvQzzlKq9pOJWeZ77ble1j/YQV4="></latexit>

Fon = �,
<latexit sha1_base64="q89bFcNlteTA8bv1HUsVEDydHQ4="></latexit>

F on = �,
<latexit sha1_base64="GG0v50YUkq/yu8KKDZEQSX2ILZU="></latexit>

F off = ↵+
K1P 2

m

K + P 2
m

,
<latexit sha1_base64="rMpZ1LwLqJ8Fir8BMmLgNh/IbbU="></latexit>

Foff = ↵+
K1A2

m

K +A2
m

,
<latexit sha1_base64="pje+sZjBcy5jcuWWpRyeYIM5bAc="></latexit>

A model for asymmetric cell division (by Seirin-Lee – Shibata 2015)
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Assuming 

By putting

In Seirin-Lee – Shibata 2015 they also consider a 2-component system which 
is formally reduced from the 4-component system.

Although the two-component system is interesting by itself, the reduction 
seems to be not so mathematically reasonable.

We take a different approach to the 4-component system (M-Seirin-Lee 2021).

<latexit sha1_base64="jSs8B1dKFBsZBVcUKmxKDNwunfk="></latexit>

k := K1/K , ⌧ := (K/K1)k,

and

u1 := Pm, v1 := Pc, u2 := Am, v2 := Ac, d1 := Dm, D1 := Dc,

d2 := ⌧Dm, D2 := ⌧Dc, �1 := �, �2 := ⌧�, ↵1 = ↵, ↵2 := ⌧↵

<latexit sha1_base64="szOXo0dScn3YuXuXFNdpPtJWPao="></latexit>

Fo↵(Am) = ↵+
K1Am

2

K +Am
2 = ↵+

K1

K
A

2
m +O(A4

m) ⇡ ↵+
K1

K
A

2
m,

F o↵(Pm) = ↵+
K1Pm

2

K + Pm
2 = ↵+

K1

K
Pm

2 +O(P 4
m) ⇡ ↵+

K1

K
Pm

2
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@tu1 = d1�u1 � (↵1 + ku2
2)u1 + �1v1,

@tv1 = D1�v1 + (↵1 + ku2
2)u1 � �1v1,

⌧@tu2 = d2�u2 � (↵2 + ku2
1)u2 + �2v2,

⌧@tv2 = D2�v2 + (↵2 + ku2
1)u2 � �2v2,

<latexit sha1_base64="GEC1TCUOwBA1Gd8O+/5aQ2Y857c="></latexit>

we consider the modified system:

(4system)

We deal with this system in a bounded domain                  with the Neumann 
boundary condition and initial data:

<latexit sha1_base64="K8pVes8Z1n0CWB5W7CUPgR0VmxQ="></latexit>(
u1(x, 0) = u1,0(x) � 0, u2(x, 0) = u2,0(x) � 0,

v1(x, 0) = v1,0(x) � 0, v2(x, 0) = v2,0(x) � 0
(x 2 ⌦),

<latexit sha1_base64="BEHv557g592qxX18Anj1CbfyRYs="></latexit>

ui,0

<latexit sha1_base64="AzHkljH7YuATTmkTIHz0kWq2qmw="></latexit>

vi,0(i = 1, 2) are          and  not identically zero.

<latexit sha1_base64="9KUw2cUJYkp3JXWImaCCGvNG124="></latexit>

⌦ ⇢ RN

<latexit sha1_base64="d3DYQHMMI1MHdSpd5jso9T6hJAo="></latexit>

L1



8

2. Basic results for the model equations

Lemma (M--Seirin-Lee)

The system has a unique classical solution                                             
satisfying

<latexit sha1_base64="2KCaDi77xkzOq6sbZzWpR7jGE0E="></latexit>

(u1(x, t), u2(x, t), v1(x, t), v2(x, t))
<latexit sha1_base64="+wEHWNK0Ax0atE+ADsWjWE8TocU="></latexit>

u1(x, t), u2(x, t), v1(x, t), v2(x, t) > 0 (x 2 ⌦)

and  it exists time global if                      .            
<latexit sha1_base64="tKO0rj0LOLhkcdYxDYBxWUawbcM="></latexit>

1  N  3

Standing assumption:   
<latexit sha1_base64="xVjza72C9bE0oOzPNXzaQrCEvts="></latexit>

d1 < D1 and d2 < D2

<latexit sha1_base64="P3oF/pqFJ5vmPEgMVH94gzxRw6I="></latexit>Z

⌦
(u1(x, t) + v1(x, t))dx = constant,

Z

⌦
(u2(x, t) + v2(x, t))dx = constant.

Mass conservation:

<latexit sha1_base64="QSmRpUBkOIGAGQ2L20IrNyVKzZ4="></latexit>

d

dt

Z

⌦
(u1(x, t) + v1(x, t))dx = 0,

d

dt

Z

⌦
(u2(x, t) + v2(x, t))dx = 0.

because of

The system has the property:
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@tu1 = d1�u1 � (↵1 + ku2
2)u1 � (�1d1/D1)u1 + �1z1,

(1� d1/D1)@tu1 + @tz1 = D1�z1,

⌧@tu2 = d2�u2 � (↵2 + ku2
1)u2 � (�1d2/D2)u2 + �2z2,

⌧(1� d2/D2)@tu2 + ⌧@tz2 = D2�z2.
<latexit sha1_base64="NZ3EQqhOvqUA7oJy/WAX5duxjj4="></latexit>

By the change of variables 

we convert the system to 

<latexit sha1_base64="aNLjRxrUJMTCKYWii9Hk6SIc1a0="></latexit>

z1 = (d1/D1)u1 + v1, z2 = (d2/D2)u2 + v2

<latexit sha1_base64="8FMRo1S2Keqn4Tx4G/OZ8o2yPi8="></latexit>

m1 := hu1i+ hv1i, m2 := hu2i+ hv2i,
Put 

<latexit sha1_base64="C3X8Dira2SBwg/3lAi9tPFwke7A="></latexit>

h·i := 1

|⌦|

Z

⌦
· dx
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E(u, z) :=
Z

⌦


d1
2
|ru1|2 +

d2
2
|ru2|2 +

↵1 + �1d1/D1

2
u2
1

+
↵2 + �2d2/D2

2
u2
2 +

k

2
u2
1u

2
2 +

✓1
2
z21 +

✓2
2
z22

�
dx,

<latexit sha1_base64="Z1EAWjGHIiSghnPWPxpOAaPpKM0="></latexit>

where u = (u1, u2), z = (z1, z2).
<latexit sha1_base64="5WZw4GB6qYMBE6NJYM1M27+3rAc="></latexit>

Lyapunov function

d

dt
E(u(·, t), z(·, t))

= �
Z

⌦
[(@tu1)

2 + ⌧(@tu2)
2 + ✓1D1|rz1|2 + (✓2/⌧)D2|rz2|2]dx  0

<latexit sha1_base64="ScPvH5cMvf65KCsArdlHlNFe3+c="></latexit>

Indeed, we can check

✓i :=
�i

1� di/Di
(i = 1, 2)

<latexit sha1_base64="0+SGnKANfk2ZYq8YlZxRUInD0Bs="></latexit>
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3. Stationary problem

where
�i := ↵i + �idi/Di (i = 1, 2)

<latexit sha1_base64="xnafzpf/xpf5/58d6rdZAFpUN3Y="></latexit>

(SE)
<latexit sha1_base64="Dbz8ZuIwDOd9Iywl7txFET5bV1M="></latexit>

<latexit sha1_base64="Ds0+iiy/QfoHSI414ldUhY103Qg="></latexit>

d1�u1 � (↵1 + ku2
2)u1 � (�1d1/D1)u1 + �1z1 = 0, �z1 = 0,

d2�u2 � (↵2 + ku2
1)u2 � (�2d2/D2)u2 + �2z2 = 0, �z2 = 0,

with <latexit sha1_base64="sKJGbl2GfF6BQAiDGaE+wII/1lg="></latexit>
mi = (1� di/Di)huii+ hzii (i = 1, 2).

<latexit sha1_base64="7qCds/10USgDuLEs9G6dc9kDQm4="></latexit>

d1�u1 � (�1 + ku2
2)u1 + �1{m1 � (1� d1/D1)hu1i} = 0,

d2�u2 � (�2 + ku2
1)u2 + �2{m2 � (1� d2/D2)hu2i} = 0.

These equations turn to be

<latexit sha1_base64="2VV3oTtogm3/rZanXgq6cePid4o="></latexit>

(u⇤
1, z

⇤
1 , u

⇤
2, z

⇤
2) = (u⇤

1, m1 � (1� d1/D1)hu⇤
1i, u⇤

2, m2 � (1� d2/D2)hu⇤
2i)

<latexit sha1_base64="p5l7EUCSv/KVBMv1haz0dXlU+VY="></latexit>

(u⇤
1, u

⇤
2)We note that the corresponding to a solution                  to (SE) 

gives an equilibrium solution to (4system).
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Define

Variational characterization

(Q) A local minimizer is stable in the 4-component system?

It is easy to see that (SE) with the Neumann boundary condition is the 
Euler-Lagrange equation of      .

<latexit sha1_base64="9i0BC6hf4HWh3yqzJqC2r/WKcao="></latexit>

Es

<latexit sha1_base64="UWF/08XuVJqA+OO+DlVb6D4iQcw="></latexit>

Es(u) :=
Z

⌦

⇢
d1
2
|ru1|2 +

d2
2
|ru2|2 +

�1

2
u2
1 +

�2

2
u2
2 +

k

2
u2
1u

2
2

�
dx

+
�1|⌦|

2(1� d1/D1)
{m1 � (1� d1/D1)hu1i}2

+
�2|⌦|

2(1� d2/D2)
{m2 � (1� d2/D2)hu2i}2 .
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Lemma (stability) M--Serin-Lee 

Let u⇤ be a local minimizer of Es and let z⇤ = (z⇤1 , z
⇤
2) be defined as

z⇤
i
:= mi � (1� di/Di)hu⇤

i
i (i = 1, 2).

Then given " > 0, there exists � > 0 such that

k(u(·, 0), z(·, 0))� (u⇤, z⇤)kH1 < �

implies

k(u(·, t), z(·, t))� (u⇤, z⇤)kH1 < C̃" (t � 0),

for a constant C̃ > 0.
<latexit sha1_base64="ze6wrw+yAyWbZ5GcyncrLDai4cE="></latexit>

In the view of Lemma (stability), in order to prove the existence of 
stable nonconstant equilibrium solutions of (4system), it suffices to 
show the existence of a nonconstant minimizer of        .

<latexit sha1_base64="9i0BC6hf4HWh3yqzJqC2r/WKcao="></latexit>

Es
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Let u⇤ = (u⇤
1, u

⇤
2) be a local minimizer of Es(u) (u 2 H

1(⌦)2).
Then there exists an "1 > 0 such that for any " 2 (0, "1/4] we can take
�1 = �1(") > 0 so that ku� u⇤kH1 < " holds if

Es(u)� Es(u⇤) < �1 with ku� u⇤kH1 < "1.
<latexit sha1_base64="MzEYpowwJq7x7gt8P4RxECK7Nug="></latexit>

"
<latexit sha1_base64="d5pwzjXnNRluZuSokpDPa/QJWcM="></latexit>

�1
<latexit sha1_base64="4Rh5pDSoNkJANrR5zptJ0wNf3to="></latexit>

"
<latexit sha1_base64="d5pwzjXnNRluZuSokpDPa/QJWcM="></latexit>

Es
<latexit sha1_base64="zRnOypSGSeRQYhAuwX7Kb8+/wpU="></latexit>

u⇤
<latexit sha1_base64="mFvHEUqgJOqv+mB3cgPYQoRUh8Y="></latexit>

Key lemma (Latos-Suzuki) 

Lemma (stability) is proved by using this lemma.
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4. Spectral comparison

Around an equilibrium solution , we consider the 
linearized operator

<latexit sha1_base64="SJyh6ZaIbIFLjei5ttMlyzVsN0s="></latexit>

(u⇤
1, v

⇤
1 , u

⇤
2, v

⇤
2)

<latexit sha1_base64="aVTMPOv0wIZmtqnM6bj6ofo92xw="></latexit>

L

0

BB@

�1
 1

�2
 2

1

CCA :=

0

BB@

�d1��1 + (↵1 + k(u⇤
2)

2)�1 + 2k(u⇤
1u

⇤
2)�2 � �1 1

�D1� 1 � (↵1 + k(u⇤
2)

2)�1 � 2k(u⇤
1u

⇤
2)�2 + �1 1

�d2��2 + (↵1 + k(u⇤
1)

2)�2 + 2k(u⇤
1u

⇤
2)�1 � �2 2

�D2��2 � (↵1 + k(u⇤
1)

2)�2 � 2k(u⇤
1u

⇤
2)�1 + �2 2

1

CCA

<latexit sha1_base64="mgbUtQL6aiQeKOwS3WrN68ix+J4="></latexit>

Dom(L) ={(�1, 1,�2, 2)
T 2 H

2(⌦;R4) :

@�i/@n = @ i/@n = 0 on @⌦, h�ii+ h ii = 0 (i = 1, 2)}

<latexit sha1_base64="rcwOMNmfk91KMqHPHWWNKrEo3zU="></latexit>

L1

✓
'1

'2

◆
:=

✓
�d1�'1 + (�1 + k(u⇤

2)
2)'1 + 2k(u⇤

1u
⇤
2)'2 + �1(1� d1/D1)h'1i

�d2�'2 + (�1 + k(u⇤
1)

2)'2 + 2k(u⇤
1u

⇤
2)'1 + �2(1� d2/D2)h'2i

◆

<latexit sha1_base64="CH2BNNPiL74n4Vg1BTfHxaCWVUM="></latexit>

Dom(L1) ={(�1,�2)
T 2 H

2(⌦;R2) :

@�i/@n = 0 on @⌦ (i = 1, 2)}
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We let                        and                        be sets of eigenvalues of        
        and          respectively. 

<latexit sha1_base64="m+xTPD0BlGcmSpnDBDmTUliBoK0="></latexit>

{�j}j=1,2,...

<latexit sha1_base64="fb3V+O8VIFT2P470hRz+2YwUeOA="></latexit>

{⌫j}j=1,2,...
<latexit sha1_base64="qpX6P20tRnnrFUt9n46UD8bP60E="></latexit>

L
<latexit sha1_base64="FbmDEkByUkzwC3ksEWc4pBfEuI8="></latexit>

L1

<latexit sha1_base64="xPpANI90Cb2VmCI1z6K1GkaC+sA="></latexit>

�1  �2  · · ·  �j  �j+1  · · ·
<latexit sha1_base64="Z62Y9MBmYgecFWjC0PoA0ZVmtgU="></latexit>

⌫1  ⌫2  · · ·  ⌫j  ⌫j+1  · · ·

Theorem (M-Oshita)
<latexit sha1_base64="eAjmyVqXibEp12Utx/cK09/wBCc="></latexit>

�j 6= 0 or ⌫j 6= 0,If                                     then                                                 holds.

Moreover, if                , then                holds, and vice versa.
<latexit sha1_base64="ds6eCZ+2+dOqLgGfA27hTJlQtMc="></latexit>

�j = 0
<latexit sha1_base64="nB37Aap5XK1uG3QJCjVm7x+5Amk="></latexit>

⌫j = 0

This implies that the numbers of unstable eigenvalues to      and        
coincide.

<latexit sha1_base64="n+POJA9dQ8oi6EAqfnB56Rvw/iw="></latexit>

�j⌫j > 0, |�j | < |⌫j |

<latexit sha1_base64="qpX6P20tRnnrFUt9n46UD8bP60E="></latexit>

L
<latexit sha1_base64="FbmDEkByUkzwC3ksEWc4pBfEuI8="></latexit>

L1

We have the following spectral comparison result:

Proof can be done by modifying the arguments in M (2012).

(cf. Bates-Fife (1990), Ohinishi-Nishiura (1998))
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Theorem (M-S.-Lee)

There is a minimizer u⇤ = (u⇤
1, u

⇤
2) of Es satisfying

u⇤
i (x) > 0 (x 2 ⌦), i = 1, 2.

<latexit sha1_base64="V48Rh1zrcLWDlAE8ALnkn6Atn7U="></latexit>

Lemma (minimizer of the reduced problem)

4. Profile of stable solutions

<latexit sha1_base64="vFdRz4CD53sV9qD4wMkKen6sIH0="></latexit>

Let ⌦ ⇢ RN (1  N  3) be a cylindrical domain as ⌦ = {x = (x1, x0) 2
(0, L) ⇥ D}, where D is a bounded domain of RN�1 with smooth boundary.
For the di↵usion coe�cients assume di < Di (i = 1, 2). Then there are positive
numbers ↵, d and r such that for

↵i  ↵, di  d, di/↵i  r (i = 1, 2),

the system (4system) in ⌦ with N.B.C possesses a stable nonconstant equilib-
rium solution.

We first introduce previous results.
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!i :=
p

di/�i (i = 1, 2)
<latexit sha1_base64="ORL4TCNiQWYT3Q28ZNwvIfGjec4="></latexit>

di ⌧ Di, �i ⌧ 1 (i = 1, 2), ` > !1, L� ` > !2.
<latexit sha1_base64="KvLfT528V0ShD13u2U9QnV+pEhA="></latexit>

(�i = ↵i + �idi/Di, so ↵i ⇡ �i)
<latexit sha1_base64="JFITXFqhowmisp/kpop0vXQ+1Xg="></latexit>

Put

Assume

Define

µ1(`) :=
m1

1�d1/D1

L {`� !1 tanh(`/!1)}+ �1/�1
,

µ2(`) :=
m2

1�d2/D2

L {L� `� !2 tanh((L� `)/!2)}+ �2/�2
,

<latexit sha1_base64="GcfkeVA2pJ5C/65/8fhrBwHMf5g="></latexit>

U1(x; 0.75)
<latexit sha1_base64="oDWhD9lI11ylngxBmY9M/i1TR1w="></latexit>

U2(x; 0.75)
<latexit sha1_base64="MwF2fs07oTkeB4Y8VUq7HuRojxI="></latexit>

<latexit sha1_base64="RMdwh1LSX5MwqePBtJpTzmwAPhk="></latexit>

0.75

<latexit sha1_base64="kiX+stcMvYdtKchVbuHzhbgMTuU="></latexit>

U1(x; `) := µ1(`)

✓
1� cosh(x/!1)

cosh(`/!1)

◆
,

U2(x; `) := µ2(`)

✓
1� cosh((L� x)/!2)

cosh((L� `)/!2)

◆

For simplicity assume                   .
<latexit sha1_base64="vg5l4AzgKmENjVjtRMO4jWeK6bs="></latexit>

⌦ = (0, L)Sketch of Proof:
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Then

and

Define
<latexit sha1_base64="evvoa135/qY2euRuuhVeFFLTzMk="></latexit>

Ũ1(x) :=

(
U1(x; `) (0  x  `),

0 (`  x  L),

Ũ2(x) :=

(
0 (0  x  `),

U2(x; `) (`  x  L).

<latexit sha1_base64="qfTqoNfS0w9WKK0PZ0L/zHwkY2M="></latexit>

d1(Ũ1)xx � (�1 + k(Ũ2)
2)Ũ1 + �1{m1 � (1� d1/D1)hŨ1i} =

(
0 (0 < x < `),

�1�1 (` < x < L),

<latexit sha1_base64="aMfKF9X5ZVOLO7KFHnSzzrmuEVA="></latexit>

d2(Ũ2)xx � (�2 + k(Ũ1)
2)Ũ2 + �2{m2 � (1� d2/D2)hŨ2i} =

(
�2�2 (0 < x < `),

0 (` < x < L).

<latexit sha1_base64="APl6pfShgItT/ABLhCkYj+A+9UA="></latexit>

Es(Ũ1, Ũ2) =

Z `

0

✓
1

2
((U1)x)

2 +
�1

2
U2
1

◆
dx+

Z L

`

✓
1

2
((U2)x)

2 +
�2

2
U2
2

◆
dx

<latexit sha1_base64="Uy4ZyWyEfzS4aRd0zD0VZWHQLJg="></latexit>

+
�1L

2(1� d1/D1)

 
m1 �

1� d1/D1

L

Z `

0
U1(x)dx

!2

+
�2L

2(1� d2/D2)

 
m2 �

1� d2/D2

L

Z L

`
U2(x)dx

!2
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If 

then for any constant solution              
<latexit sha1_base64="mrMAYnBWLA7J+vbSf8YTZyAifEU="></latexit>

(u1, u2)

<latexit sha1_base64="tgA+6wezM+FyvTAeFG823BQgHck="></latexit>

Es(u1, u2)

<latexit sha1_base64="9FvYdV/tRjUHy8mWJ3TPx3zpH+0="></latexit>

↵i ⌧ 1, di ⌧ 1, di/↵i ⌧ 1 (i = 1, 2),

(in the sequel                                 ), 
<latexit sha1_base64="Pr4lRMOjIUH1uTeWeHHRIBOq4No="></latexit>

�i ⌧ 1 (i = 1, 2)

<latexit sha1_base64="c2EyZ1ksfcyOdXzPoLFk7wJMbak="></latexit>

Es(Ũ1, Ũ2) <

holds.

This implies the existence of a stable nonconstant equilibrium solution.

(S)

In order to estimate the energy clearly, take the following scaling:

Then
<latexit sha1_base64="g3kv7ItpJMhjP6kWF7le8RKz8pk="></latexit>

�i = "�̃i("),
<latexit sha1_base64="MbGsg6I8q034LwT2dXf1AGQXFvY="></latexit>

�̃i(") := ↵̃i + "�d̃i�i/Di (i = 1, 2)

<latexit sha1_base64="sNXDK8WnePU4R+0J2YvlAoo2slI="></latexit>

↵i = "↵̃i, di = "1+�d̃i, 0 < �  1 (i = 1, 2),
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<latexit sha1_base64="J6ZxPFrPi0pxOIX9O8UAg1tIXjo="></latexit>

"�d̃1(u1)xx � (�̃1(") + (k/")u2
2)u1 + (�1/"){m1 � (1� "1+�d̃1/D1)hu1i} = 0,

"�d̃2(u2)xx � (�̃1(") + (k/")u2
1)u2 + (�2/"){m2 � (1� "1+�d̃2/D2)hu2i} = 0.

The equations are written as

<latexit sha1_base64="ZO8rDqLybwHKlUccFJMCN+vR++g="></latexit>

1

"
Es(u) :=

Z

⌦

(
"�d̃1
2

|(u1)x|2 +
"�d̃2
2

|(u2)x|2 +
�̃1(")

2
u2
1 +

�̃2(")

2
u2
2 +

k

2"
u2
1u

2
2

)
dx

+
�1L

2"(1� "1+�d̃1/D1)

n
m1 � (1� "1+�d̃/D1)hu1i

o2

+
�2L

2"(1� "1+�d̃2/D2)

n
m2 � (1� "1+�d̃2/D2)hu2i

o2
.

and



22

<latexit sha1_base64="q4BcgOGD5S4UnBK4IOe5A6/fTM8="></latexit>

µ1(`) =
Lm1

`
+O("�/2), µ2(`) =

Lm2

L� `
+O("�/2)

<latexit sha1_base64="QBTGZ9mH2VKy+zps6l1BvKJGt60="></latexit>

1

"
Es(Ũ1, Ũ2) =

1

2

(Lm1)2↵̃1

`
+

1

2

(Lm2)2↵̃2

L� `
+O("�/2)

<latexit sha1_base64="w7i1t84CpWOrLrjgCdLSaDKbLKM="></latexit>

� L

2
(m1

p
↵̃1 +m2

p
↵̃2)

2 +O("�/2)

<latexit sha1_base64="czqeaqQW/F7bFYLwUT0cKm5rbYg="></latexit>

for ` = `⇤ :=
Lm1

p
↵̃1

m1
p
↵̃1 +m2

p
↵̃2

In view of

we have
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Lemma (M-Oshita)

<latexit sha1_base64="vMVV1RXMDmUQW7Tk//HSqBQafGk="></latexit>

(u"
1, u

"
2)Since                                                    for the minimizer  

<latexit sha1_base64="NTWBeKQBZ7OuRcabtyLA7hIcnW0="></latexit>

1

"
Es(u"

1, u
"
2)

<latexit sha1_base64="4wmkxuiwZ3hK/QfqJETWL50dQLo="></latexit>

 L

2
(m1

p
↵̃1 +m2

p
↵̃2)

2 +O("�/2)

Moreover, we obtain

<latexit sha1_base64="YJEo0ViRFtjl3zEHcLmaD1Krnbw="></latexit>

Let u⇤
" = (u⇤

1", u
⇤
2") be the minimizer of Es with (S). Then

L

2
(
p

↵̃1m1 +
p

↵̃2m2)
2 � ⇢1(") 

1

"
Es(u⇤

") 
L

2
(
p

↵̃1m1 +
p

↵̃2m2)
2 + ⇢2("),

where ⇢1(") = O("1/2) and ⇢2(") = O("�/2).

<latexit sha1_base64="TfX9pMK+d8PpvKTzWlPKuEZuw7U="></latexit>

 1

"
Es(Ũ1, Ũ2)

<latexit sha1_base64="NTWBeKQBZ7OuRcabtyLA7hIcnW0="></latexit>

1

"
Es(u"

1, u
"
2)

we have an upper estimate

(M– Seirin-Lee)
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Theorem (M-Oshita) 

There exists an equilibrium solution                           satisfying  

<latexit sha1_base64="9BYU6UY8wChammmPQjFXGnL2NAU="></latexit>

(u⇤
1)x(u

⇤
2)x < 0 (0 < x < L)

<latexit sha1_base64="LgvyXYRFYCUtlYIjqJfcXevD/uw="></latexit>

u⇤ = (u⇤
1, u

⇤
2)

<latexit sha1_base64="x58y+fWoZ0YT0zlLoFRCN6CNmJg="></latexit>

L

2
(
p

↵̃1m1 +
p

↵̃2m2)
2 � ⇢1(") 

1

"
Es(u⇤)  L

2
(
p

↵̃1m1 +
p

↵̃2m2)
2 + ⇢2(")

and

<latexit sha1_base64="AKcq0o0yibUYRGCwHAdq1lVGGGk="></latexit>

Ũ1(x) <latexit sha1_base64="DbkCtiubbPzO9Lz6krlVA/Qnnk0="></latexit>
Ũ2(x)

<latexit sha1_base64="d8L8TFIwgSHrKCFVZdqHFSwk8Gs="></latexit>

u⇤
1(x)

<latexit sha1_base64="ylqzOBz5KLn2jD8mh01WulFiQAQ="></latexit>

u⇤
2(x)
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(Future problems)

(i) A rigorous proof to show that the equilibrium solutions with monotone 
profile is a minimizer.

(ii) The existence of a stable/unstable solution with multi layers; 

(iv) Different parameter regime allowing the segregation pattern should be 
examined.

(iii) The existence of a stable solution with a transition layer in a higher-
dimensional domain; 

Although we can prove that solutions obtained by reflection of the 
monotone one is unstable, it remains to verify if there exists a stable
solution with multi-layers or not.

(v) Free boundary problem in the singular limit             .
<latexit sha1_base64="BVBc8yv0f0/OXJigJ8EiLgzdC3o="></latexit>

" ! 0
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Thank you for sharing your time!

In memory of Professor Masayasu Mimura for his great 
achievements in the theory of pattern formation arising in
reaction-diffusion systems



 

"Speed-up of traveling waves by negative chemotaxis" 
 

Quentin Griette (Université Le Havre Normandie, France) 
 

We consider the traveling wave speed for Fisher-KPP (FKPP) fronts under the influence of chemotaxis and provide 
an almost complete picture of its asymptotic dependence on parameters representing the strength and length-scale of 
chemotaxis.   

Our study is based on the convergence to the porous medium FKPP traveling wave and a hyperbolic FKPP-Keller-
Segel traveling wave in certain asymptotic regimes.  In this way, it clarifies the relationship between three equations 
that have each garnered intense interest on their own.  Our proofs involve a variety of techniques ranging from entropy 
methods and decay of oscillations estimates to a general description of the qualitative behavior to the hyperbolic FKPP-
Keller-Segel equation.  For this latter equation, we, as a part of our limiting arguments, establish an explicit lower 
bound on the minimal traveling wave speed and provide a new construction of traveling waves that extends the known 
existence range to all parameter values. 

This is a joint work with Chris Henderson and Olga Turanova. 

  



Traveling waves in repulsive Keller-Segel models

Quentin Griette (Université Le Havre Normandie)
quentin.griette@univ-lehavre.fr

ICMMA2023: “Reaction-diffusion systems: from the past to the future”
in memory of Prof. Masayasu Mimura

November 2nd, 2023

Quentin Griette (LMAH) Traveling waves in Keller-Segel models

mailto:quentin.griette@univ-lehavre.fr


PART I:
The hyperbolic-elliptic model

joint works with Xiaoming Fu, Pierre Magal, Min Zhao.

Quentin Griette (LMAH) Traveling waves in Keller-Segel models



1Jennifer Pasquier et al. “Different Modalities of Intercellular Membrane Exchanges Mediate Cell-to-cell
P-glycoprotein Transfers in MCF-7 Breast Cancer Cells”. J. Biol. Chem. 287.10 (2012), pp. 7374–7387.
doi: 10.1074/jbc.M111.312157.
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The cell-cell repulsion model


∂tu − χ∇ ·

(
u∇P

)
= u

(
1 − u

)
,

P − σ2∆P = u,

ν · ∇P = 0,

x0

Π(t, 0; x0)

ν(x)

∇P (t, x)

2Xiaoming Fu, Quentin Griette, and Pierre Magal. “A cell-cell repulsion model on a hyperbolic
Keller-Segel equation”. J. Math. Biol. 80.7 (2020), pp. 2257–2300. doi: 10.1007/s00285-020-01495-w.
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Related models
The Patlak-Keller-Segel equation modeling chemotaxis (Patlak 1953, Keller and
Segel 1970) {

ut = κ∆u − χ∇ · (u∇c)
εct = η∆c + βn − αc,

see also Calvez and Corrias 2008, Desvillettes et al 2019.
The porous medium equation with KPP source

ut = ∇ · (u∇u) + u(1 − u)

see de Pablo and Vazquez 1991, Vazquez 2007.
in 2006, Armstrong, Painter and Sherratt proposed a model for cell-cell adhesion
modeled by a nonlocal gradient.

ut = uxx − (uK(u))x ,

where K(u) = α
∫ 1

−1 g(u(x + x0))ω(x0)dx0.
A full model was proposed by Ducrot et al (2011) with a porous medium
equation with contact inhibition.
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Two-species model


∂tu1 − χ1∇ ·

(
u1∇P

)
= u1

(
r1 − a11u1 − a12u2

)
,

∂tu2 − χ2∇ ·
(
u2∇P

)
= u2

(
r2 − a21u1 − a22u2

)
,

P − σ2∆P = u1 + u2,

ν · ∇P = 0,
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Preservation of segregation when χ1 = χ2

t0

t

Π(t0, 0; x0)−L L

t1

Π(t, 0; x0)
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Monolayer cell experiment in the Petri dish

sparsely seeded initial condition

densely seeded initial condition
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The one-dimensional model: motivation


∂tu(t, x) − χ∂x (u(t, x)∂x p(t, x)) = u(1 − u), x ∈ R, t > 0
p(t, x) − σ2∂xx p(t, x) = u(t, x), x ∈ R, t > 0
u(t = 0, x) = u0(x), x ∈ R.

Wound healing experiments

3James E. N. Jonkman et al. “An introduction to the wound healing assay using live-cell microscopy”.
Cell Adhesion & Migration 8.5 (2014). PMID: 25482647, pp. 440–451. doi: 10.4161/cam.36224.
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The one-dimensional one-species model

We focus on the one-dimensional model{
∂tu(t, x) − χ∂x (u(t, x)∂x p(t, x)) = u(1 − u), x ∈ R, t > 0
u(t = 0, x) = u0(x), x ∈ R.

As before p is determined by the following equation

p(t, x) − σ2∂xx p(t, x) = u(t, x).

Equivalently,

p(t, x) = (ρ ⋆ u)(t, x) =
∫
R

ρ(x)u(t, x − y)dy , ρ(x) := 1
2σ

e− |x|
σ
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Solution integrated along the characteristics

We transform the original model by using the characteristic curves:{
∂tu(t, x) − χ∂x u(t, x)∂x p(t, x) = u

(
1 + χ

v − u
σ2 − u

)
, x ∈ R, t > 0

p(t, x) = (ρ ⋆ u)(t, x)

where ρ(x) := 1
2σ

e− |x|
σ , is split in two equations: the equation of the characteristic

curves {d
dt Π(t, x) = −χ(ρx ⋆ u)(t, Π(t, x)),

Π(t = 0, x) = x ,
(1)

and the local dynamics on a characteristic

d
dt û(t, x) = û(t, x)

(
1 + χ̂(ρ ⋆ u)(t, Π(t, x)) − (1 + χ̂) û(t, x)

)
, (2)

where û(t, x) = h
(
t, Π(t, x)

)
and χ̂ = χ

σ2 . (1)–(2) define a solution integrated
along the characteristics.
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The Cauchy problem

Here L1
η is the L1 space for the measure η

2 e−η|x |dx .

Theorem (Solution integrated along the characteristics)
Let u0 ∈ L∞(R), u0(x) ≥ 0. There exists τ∗(u0) ∈ (0, +∞] such that

1 For each τ ∈ [0, τ), there is a unique u(t, x) ∈ C0(
[0, τ ], L1

η(R)
)

which is a
solution integrated along the characteristics and satisfies
u(t = 0, x) = u0(x).

2 For each t ≥ 0 we have u(t, ·) ∈ L∞(R),
3 The map t 7→ Ttu0 := u(t, ·) is a semigroup which is continuous for the

L1
η(R) topology,

4 For each t ≥ 0, the map u0 ∈ L∞(R) 7→ Ttu0 = u(t, ·) is continuous for
the L1

η topology

In addition: preservation of monotony, continuity and differentiability (as well as
superior smoothness) of the initial data.
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Discontinuous traveling waves

Theorem (Existence of a sharp traveling wave)
Assume 0 < χ̂ < χ̄. There exists a traveling wave traveling at speed
c ∈

(
σχ̂

2+χ̂ , σχ̂
2

)
. U satisfies U(x) = 0 for all x ≥ 0, U(0−) ≥ 2

2+χ̂ . Moreover U
is strictly decreasing and differentiable on (−∞, 0] and a classical solution to

−cU ′ − χ(UP ′)′ = U(1 − U),

where P = (U ⋆ ρ).

In addition: for solutions of the Cauchy problem with compactly supported
initial data, convergence speed of the level sets to the separatric, estimate on
the jump size. Non-existence of sharp continuous traveling waves.

4Xiaoming Fu, Quentin Griette, and Pierre Magal. “Sharp discontinuous traveling waves in a hyperbolic
Keller–Segel equation”. Mathematical Models and Methods in Applied Sciences (2021). to appear. doi:
10.1142/S0218202521500214.
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Propagation starting from initially square-like boundary

Initial condition u0(x) = (x − x0)2

(L + x0)2 1[−L,x0](x), L = 20, x0 = −15.
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Dependency on the initial steepness
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Position of the level sets and empirical speed
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Formation of a discontinuity

Theorem (Exponential convergence of the level sets)
Let u0 ∈ C0(R), u0(x) ≥ 0 be supported in (−∞, 0), and assume that the
behavior of u0(x) near x = 0 is polynomial:

u0(x) ≥ γ|x |α,

for some γ > 0 and α ≥ 1. Let Π∗(t) := Π(t, 0) be the characteristic starting
from x = 0 and ξ(t, β) := sup{x ∈ R|u(t, x) = β} be the level set at level β.
Then for each β ∈ (0, 1

1+χ̂+αχ̂ ) we have

Π∗(t) −
(

β

γ

) 1
α

e− η
2α t ≤ ξ(t, β) ≤ Π∗(t),

where η := 1 − 1+χ̂+αχ̂
β ∈ (0, 1).
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A cartoon for the formation of the discontinuity

h∗(t1) h∗(t2)

β

ξ(t1, β)

t = t1

ξ(t2, β)

t = t2
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Divergence of characteristics

We quantify the divergence speed of characteristics near the separatrix. We
have, for x < 0,

d
dt

(
Π(t, 0; 0) − Π(t, 0; x)

)
≤ −χ(ρx ⋆ u)(t, Π(t, 0; 0)) + χ(ρx ⋆ u)(t, Π(t, 0; x))

= χ

∫
R

(
ρx (Π(t, 0; x) − z) − ρx (Π(t, 0; 0) − z)

)
u(t, z)dz

= χ

∫ Π(t,0;x)

−∞

(
ρx (Π(t, 0; x) − z) − ρx (Π(t, 0; 0) − z)

)
u(t, z)dz

+ χ

∫ Π(t,0;0)

Π(t,0;x)

(
ρx (Π(t, 0; x) − z) − ρx (Π(t, 0; 0) − z)

)
u(t, z)dz

where ρ(z) = 1
2σ e− |z|

σ , ρx (z) = − sign(z)
2σ2 e− |z|

σ . Therefore

Π(t, 0; 0) > Π(t, 0; x) ≥ Π(t, 0; 0) + xeχ̂εt

where ε := supx≤z≤0,s∈[0,t] u(s, Π(s, 0; z)).
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Divergence of characteristics
We quantify the divergence speed of characteristics near the separatrix. We
have, for x < 0,

d
dt

(
Π(t, 0; 0) − Π(t, 0; x)

)
≤ −χ(ρx ⋆ u)(t, Π(t, 0; 0)) + χ(ρx ⋆ u)(t, Π(t, 0; x))

= χ

∫
R

(
ρx (Π(t, 0; x) − z) − ρx (Π(t, 0; 0) − z)

)
u(t, z)dz

= χ

∫ Π(t,0;x)

−∞

(
ρx (Π(t, 0; x) − z) − ρx (Π(t, 0; 0) − z)

)
u(t, z)︸ ︷︷ ︸

≤0

dz

+ χ

∫ Π(t,0;0)

Π(t,0;x)

(
ρx (Π(t, 0; x) − z) − ρx (Π(t, 0; 0) − z)

)︸ ︷︷ ︸
≤1/σ2

u(t, z)dz

where ρ(z) = 1
2σ e− |z|

σ , ρx (z) = − sign(z)
2σ2 e− |z|

σ . Therefore

Π(t, 0; 0) > Π(t, 0; x) ≥ Π(t, 0; 0) + xeχ̂εt

where ε := supx≤z≤0,s∈[0,t] u(s, Π(s, 0; z)).
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Dynamics on the characteristics

On each characteristic, u(t, Π(t, 0; x)) satisfies

d
dt

u(t, Π(t, 0; x)) = u(t, Π(t, 0; x))
(

1 + χ̂(ρ ⋆ u)
(

t, Π(t, 0; x)
)

− (1 + χ̂)u
(

t, Π(t, 0; x)
))

≥ u(t, Π(t, 0; x))

if u(t, Π(t, 0; x)) is sufficiently small. Therefore

u(t, Π(t, 0; x)) ≥ u0(x)et .
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Heuristic computation

Assume x is close to Π(t, 0; 0) so that u(t, x) ≤ ε .
In the worst case scenario Π(t, 0; x) ≈ Π(t, 0; 0) + xeχ̂εt so that

Π(0, t; x) ≈ −(Π(t, 0; 0) − x)e−χ̂εt .

Next by using the dynamics on the characteristics

u(t, x) = u(t, Π(t, 0; Π(0, t; x))) ≥ u0(Π(0, t; x))et

≈ u0
(

− (Π(t, 0; 0) − x)e−χ̂εt)et ,

therefore if u0(z) is polynomial near 0: u0(z) ≥ γ|z |α,

u(t, x) ⪆ γ(Π(t, 0; 0) − x)αe(1−αχ̂ε)t
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Preservation of regularity

Proposition
Let u0 ∈ L∞(R) and u(t, x) be an integrated solution.

1 if 0 ≤ u0(x) ≤ 1, then 0 ≤ u(t, x) ≤ 1. In particular τ∗(u0) = +∞.
2 if u0(x) is continuous, then u ∈ C0([0, τ ] × R) for all τ < τ∗(u0).
3 if u0(x) ∈ C1(R), then u ∈ C1([0, τ ] × R) for all τ < τ∗(u0). In this case

u(t, x) is a classical solution of the hyperbolic problem.
4 if u0(x) is monotone, then u(t, x) has the same monotony for all

0 ≤ t < τ∗(u0).

The first property comes from an ad hoc argument. Properties 2 - 4 are shown
thanks to the following formula

u(t, x) =
u0(Π(0, t; x)) exp

(∫ t
0 1 + χ̂p(l , Π(l , t; x))dl

)
1 + (1 + χ̂)u0(Π(0, t; x))

∫ t
0 exp

(∫ l
0 1 + χ̂p(σ, Π(σ, t; x))dσ

)
dl

which requires the a priori definition of Π and p.
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Explicit estimate of the jump size

Theorem (Estimate of the jump)
Let u0 ∈ L∞(R) be a non-increasing profile supported in (−∞, 0] satisfying

u(−∞) ≤ 1, u(0−) > 0.

Then:

lim inf
t→+∞

u(t, Π∗(t)) ≥ 2
2 + χ̂

,

lim inf
t→+∞

d
dt Π∗(t) ≥ σχ̂

2 + χ̂
,

where Π∗(t) = Π(t, 0) and χ̂ = χ
σ2 .

Note that this estimate is better than the one provided by the “convergence of
the level sets” theorem. Indeed

2
2 + χ̂

= 1
1 + χ̂

2
>

1
1 + χ̂

≥ 1
1 + χ̂ + αχ̂

.
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Non-existence of smooth sharp waves

Our last result is the non-existence of smooth sharp traveling waves. It confirms
that discontinuous traveling waves are the “natural” asymptotic shape of
compactly supported initial conditions.

Theorem (Non-existence of sharp smooth waves)
Let U ≥ 0 be a traveling wave and assume that U is continuous. Then
U ∈ C1(R), U is strictly positive and

−χ(ρx ⋆ U)(x) < c for all x ∈ R.
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Existence of non-sharp smooth traveling waves waves

This last result is a recent work with Pierre Magal and Min Zhao5.

Theorem (Existence of a continuous traveling wave)

We assume that
c ≥ 2

√
σ2χ̂ (1 + χ̂).

There exists a traveling wave u(t, x) = U(x − ct) with a continuous profile
x → U(x) is continuously differentiable and strictly decreasing, and

lim
x→−∞

U(x) = 1, and lim
x→+∞

U(x) = 0, (3)

and satisfies traveling wave problem

− c U ′ − χ(UP ′)′ = U(1 − U), on R, (4)

where
P − σ2P ′′ = U, on R. (5)

5Quentin Griette, Pierre Magal, and Min Zhao. Traveling waves with continuous profile for hyperbolic
Keller-Segel equation. 2022.
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Summary: Traveling waves, what is known?

Recall χ̂ = χ

σ2 .

Suppose 0 < χ̂ ≤ χ̄ (with χ̄ ≈ 1.045). For

c ∈
(

σχ̂

2 + χ̂
,

σχ̂

2

)
=: (c−

sharp, c+
sharp): existence of discontinuous waves

For any c ≥ ccont := 2
√

σ2χ̂ (1 + χ̂) > c+
sharp there exists a continuous

traveling wave (no restriction on χ̂).

0 c−
sharp c+

sharp ccont

Sharp TW Smooth TW

So there is a gap between the two “zones of existence”.

Uniqueness of traveling waves and non-existence of waves: open questions.
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PART II:
Speed-up of traveling waves by

negative chemotaxis
joint work with Chris Henderson and Olga Turanova6.

6Quentin Griette, Christopher Henderson, and Olga Turanova. “Speed-up of traveling waves by negative
chemotaxis”. J. Funct. Anal. 285.10 (2023), Paper No. 110115, 67. doi: 10.1016/j.jfa.2023.110115.
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The repulsive chemotaxis model

We aim at studying the model:{
Ut + χ(Vx U)x = Uxx + U(1 − U),
− dVxx = U − V ,

and more specifically the traveling waves{
− c̄Ux + χ(Vx U)x = Uxx + U(1 − U),
− dVxx = U − V ,

with the conditions :

U(−∞) = 1, U(+∞) = 0, V ∈ L∞(R).

χ will be negative: −χ > 0.
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Known results

{
− c̄Ux + χ(Vx U)x = Uxx + U(1 − U),
− dVxx = U − V ,

The speed in the absence of advection is cKPP = 2.

In is known7 that when −χ > 0, the minimal speed c̄χ,d satisfies c̄χ,d ≥ 2 (no
slow down by repulsive chemotaxis). More precisely, it has been proved that :

1 when d , −χ
d ≪ 1 then c̄χ,d = 2

2 when 1 ≪ −χ ≪ d then c̄χ,d ≈ |χ|
2
√

d (so there is a speed-up)
We prove that8

4 when d ≪ −χ then c̄χ,d ⪆ cpm,ε
√

−χ (−χ may remain finite)
5 when d ≪ −χ then c̄χ,d ⪆ cpm,ε

√
−χ

7Christopher Henderson. “Slow and fast minimal speed traveling waves of the FKPP equation with
chemotaxis”. J. Math. Pures Appl. (9) 167 (2022), pp. 175–203. doi: 10.1016/j.matpur.2022.09.004.

8Griette, Henderson, and Turanova, “Speed-up of traveling waves by negative chemotaxis”.
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The rescaling

{
− c̄Ux + χ(Vx U)x = Uxx + U(1 − U),
− dVxx = U − V ,

We introduce a rescaling of the unknown functions

u(x) = U(x
√

−χ), v(x) = V (x
√

−χ),

so the new functions solve the equation
− c̄√

−χ
ux − (vx u)x = 1

−χ
uxx + u(1 − u),

− d
−χ

vxx = u − v ,

We look at −χ and d as varying parameters which may go to +∞ or 0.
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Limit equations: Porous medium

 − cux − (vx u)x = 1
−χ

uxx + u(1 − u),

− νvxx = u − v ,

with c = c̄√
−χ

and ν = d
−χ .

⇝ First case: porous medium medium limit. Up to extraction,

ν −→ 0, −χ −→ 1
ε

, with ε ∈ [0, +∞).

The limit equation is local (porous medium-type) and the minimal speed is
known:

c∗
pm,ε =

{
1√
2 +

√
2ε, if ε < 1

2 ,

2
√

ε, if ε ≥ 1
2 .
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Limit equations: Hyperbolic repulsive Keller-Segel

 − cux − (vx u)x = 1
−χ

uxx + u(1 − u),

− νvxx = u − v ,

with c = c̄√
−χ

and ν = d
−χ .

⇝ Second case: hyperbolic limit. Up to extraction,

ν −→ positive constant, ν, −χ −→ 0.

The limit equation is non-local (hyperbolic type), we some properties but the
minimal speed is unknown.
We derive a universal positive lower bound for the speed of the hyperbolic
problem, among other things.
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Results. I: the porous medium limit
c∗

χ,ν is the minimal speed for the rescaled equation; c∗
pm,ε is the minimal speed

of the porous medium limit.

Theorem
Fix any ε ≥ 0.
(i) The minimal speeds have the asymptotics:

lim inf
−χ→ 1

ε ,ν→0
c∗

χ,ν ≥ c∗
pm,ε,

(ii) Consider any sequence (χn → χ, νn → ν) and traveling wave solutions
(cn, un, vn) to the rescaled equation. If lim sup cn < +∞, then up to
shifting (un, vn) so that

min
x≤0

un(x) = un(0) = δ ∈ (0, 1),

there exists a (c, u) solution to the porour medium KPP equation and a
subsequence nk with

cnk → c, unk → u in L∞
loc , and vnk ⇀ v in H1

loc .
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Results. IIa: hyperbolic waves, weak notion

We developed a new weak notion of hyperbolic traveling waves to deal with
the limit of the rescaled equation in a natural way. − (c + vx )ux = u

(
1 + v − u

ν
− u

)
,

− νvxx = u − v ,

(6)

Given c > 0, u ∈ L∞(R) and v ∈ W 2,∞(R). We denote

Z = {x : c + vx (x) = 0}.

We say that (c, u, v) is a traveling wave if v solves the second equation in (6)
on R, u ∈ C1

loc(Zc) and solves (6) on Zc , and we have

u
(

1 + v − u
ν

− u
)

= 0

on Int(Z).
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Results. IIb: hyperbolic waves, regularity of weak solutions

The equation allows us to gain some regularity on the weak solutions.

Proposition
Let (c, u, v) be a weak hyperbolic traveling wave. Suppose that u is
nonconstant, that is, both {u > 0} and {u < 1} have positive measures. Then
c > 0 and there are only two possibilities:
(i) Z = ∅. In that case, (u, v) is a classical solution of the system.
(ii) Z = {x0} consists of a single point. In that case, u has a single jump

discontinuity at x0, with {u > 0} = (−∞, x0). Moreover u ∈ C∞
loc(R\{x0})

and u satisfies, at the jump,

u(x−
0 ) = ν + v(x0)

ν + 1 .
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Results. IIc: hyperbolic waves, estimates on the speed.
It is known that, for any traveling wave (either sharp discontinuous or smooth)

sup
x∈R

−vx (x) ≤ c.

Proposition
Fix −χ ∈ (−χ0, +∞], 0 < νm < νM and CM > 0. Let (c, u, v) be either a
solution of the rescaled or hyperbolic equation, with c ∈ [0, CM ]. If

u(0) ≤ ν

ν + 1 ,

then there exists θ > 0 and C > 0 depending only on −χ0, νm, νM and CM with

u(x) ≤ Cu(0)e−θx for all x ≥ 0.

Corollary
Fix 0 < νm < νM . There exists c, depending only on νm and νM , such that for
any (c, u, v) solution to the hyperbolic model with ν ∈ [νm, νM ], we have

c ≥ c.
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Results. II: hyperbolic waves, limit speed.
Theorem
Let νhyp > 0.
(i) The minimal speeds have the asymptotics:

lim inf
−χ→+∞,ν→νhyp

c = c(νhyp) > 0.

(ii) Consider any sequence (−χn → +∞, νn → νhyp) and traveling wave
solutions (cn, un, vn) to the rescaled equation. If lim sup cn < +∞, then up
to shifting (un, vn) so that

min
x≤0

un(x) = un(0) = δ, with 0 < δ <
νhyp

νhyp + 1 ,

there exists a solution (c, u, v) to the hyperbolic model and a subsequence
nk with

cnk → c, unk → u in C1(Zc), and vnk → v in C2(Zc)∩W 2,∞
w−∗(R),

where either Z = ∅ or Z = {x0}.
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Results IIIa: upper bound for the hyperbolic limit

We obtain upper bounds for the minimal speed by constructing the solutions of
the rescaled equation that converge to a specific solution of the hyperbolic and
porous medium models.

Theorem
Fix νhyp > 0 and any sequence −χn → +∞ and νn → νhyp. There exists a
solution (cn, un, vn) of the rescaled equation and a solution (c, u, v) to the
hyperbolic model such that
(i) Both (un, vn) and (u, v) are decreasing in x,
(ii) u is sharp and has a jump discontinuity at x = 0,
(iii) Up to the extraction of a subsequence, we have

lim(cn, un, vn) = (c, u, v)

in the topology of R, C1(R\{0}), and W 2,∞(R) weak-∗
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Results IIIb: upper bound for the porous medium limit
We show that the hyperbolic discontinuous wave converge as ν → 0 to a sharp
(and consequently minimal speed) wave for the porous medium model and use a
double limit to show that the asymptotic minimal speed in the porous medium
case is the expected one.

Theorem
Consider the decreasing family of sharp discontinuous traveling waves to the
hyperbolic model with parmeter ν constructed previously, (c, u, v). Then

lim
ν→0

(c, u) =
(

1√
2

, upm

)
,

where upm is the unique minimal speed traveling wave to the porous
medium-KPP equation with {upm > 0} = (−∞, 0).

Then thanks to a careful double limit, we obtain the corollary

Corollary
We have

lim
−χ→∞,ν→0

c∗
χ,ν = c∗

pm,0 = 1√
2

.
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Thank you !
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The Cauchy problem: Proof of the well-posedness

The proof of the well-posedness is technical. The main steps of the proof are as
follows:
First step: We fix U ⊂ R a conull set, u0 ∈ L∞(U) and focus on the system
obtained by the change of variables w(t, x) := u(t, Π(t, 0; x)) and
p̂(t, x) := p(t, Π(t, 0; x)). Here Π(t, s; x) is the flow of the characteristic
equation: 

∂

∂t Π(t, s; x) = −χpx
(
t, Π(t, s; x)

)
,

Π(s, s; x) = x .

Then we can show that (w , p̂) is a fixed-point of the operator

T τ
U [u0](w , p̂)(t, x) =

u0(x) exp
(∫ t

0 1 + χ̂p̂(l , Π(l , 0; x)) − (1 + χ̂)w(l , x)dl
)

∫ 1
2σ e−|x−Π(t,0;z)|/σu0(z)e

∫ t

0
1−w(l,z)dldz

T

For τU (u0) sufficiently small this operator acting on the adequate set of
functions over [0, τU (u0)] is a contraction. τU (u0) depends only on ∥u0∥L∞(U).
However, we don’t have a semigroup property with this formulation.
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The Cauchy problem: Proof of the well-posedness

Second step: In order to get a semi-group property, we need to go back to
the original formuation. However, the characteristics may not have
preserved the conull set U on which u0 is defined. Therefore we "go back"
to u0 ∈ L∞(R) and apply the construction of Step 1 to a particular choice of
U ⊂ R and û0 ∈ L∞(U) such that ∥û0∥L∞(U) = ∥u0∥L∞(R). It can be shown
that the L∞-class of u(t, x) is independent of the choice of U and û0.
Now u(t, x) satisfies a semigroup property.

Third step: By the semigroup property and classical arguments, there exists a
maximal time of existence τ∗(u0) ∈ (0, +∞], such that

either τ∗(u0) = +∞ or lim inf
t→τ∗(u0)−

∥u(t, ·)∥L∞(R) = +∞.

We actually have a stronger result: that there exists a conull set U and a real
function u0 ∈ L∞(U) such that the w(t, ·) := u(t, Π(t, 0; ·)) is the L∞ class of
ŵ(t, ·), where (ŵ , p̂) is the unique fixed point of the original map T τ

U [u0] for
all 0 < τ ≤ τ∗(u0).
The L1

η continuity of t 7→ u(t, ·) can be obtained from this property.
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The Cauchy problem: Proof of the well-posedness

Fourth step: The remaining two properties, namely, the continuity of the
map u0 7→ u(t, ·) for the L∞(R) − L1

η(R) topologies and the equivalence
between the solutions to the fixed-point problem and the integrated solutions
are done independently by ad-hoc methods. We refer to the paper for details.
This finished the proof of the Theorem.

Now we have in our hands a solution u(t, ·) ∈ L∞(R) which is uniquely defined
on

[
0, τ∗(u0)

)
× R and continuous for the L1

η(R)-topology. Moreover, the field
p(t, x) is well-defined and continuous for the W 1,∞(R) topology and has
bounded second derivative:

∥pxx (t, ·)∥L∞(R) < +∞.

The flow of the characteristic curves Π(t, s; x) is well-defined and Lipschitz
continuous with respect to x .
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Sketch of the proof of existence of a sharp traveling wave

The traveling wave equation is:

(−c − χP ′(z))U ′(z) = U(z)
(
1 + χ̂P(z) − (1 + χ̂)U(z)

)
,

where P(z) = (U ⋆ ρ)(z). We look for a profile

U(z) = 0 if z > 0, U(z) > 0 if z < 0.

To have a discontinuity on the profile the equation must be degenerate therefore

c = −χP ′(0).

The equation under consideration is

χ(P ′(0) − P ′(z))U ′(z) = U(z)
(
1 + χ̂P(z) − (1 + χ̂)U(z)

)
.
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Sketch of the proof of existence of a sharp traveling wave

χ(P ′(0) − P ′(z))U ′(z) = U(z)
(
1 + χ̂P(z) − (1 + χ̂)U(z)

)
.

We introduce a change of variable:{
τ ′(t) = χ

(
P ′(0) − P ′(τ(t))

)
τ(0) = −1.

Then U(t) = U(τ(t)) satisfies:

U ′(t) = U(t)
(
1 + χ̂P(τ(t)) − (1 + χ̂)U(t)

)
,

therefore
U(t) = 1

(1 + χ̂)
∫ t

−∞ exp
(

−
∫ t

l 1 + χ̂P(τ(s))ds
)

dl

We look for U as a fixed-point of

T (U)(z) := U(τ−1(z))
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Sketch of the proof of existence of a sharp traveling wave

χ(P ′(0) − P ′(z))U ′(z) = U(z)
(
1 + χ̂P(z) − (1 + χ̂)U(z)

)
.

Admissible profiles U are:
1 continuous,
2 valued in [0, 1], and limz→0− U(z) ≥ 2

2+χ̂ ,
3 sharp, i.e. U(z) = 0 for all z ≥ 0,
4 non-increasing.

It can be shown that this set A of admissible profiles is invariant by T .
Moreover T is continuous and compact on A for the topology induced by

∥U∥η := sup
z<0

eηz√
−zU(z).

Since A is convex, the Schauder fixed-point theorem concludes that T has a
fixed-point on A.
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"A Billiard Problem in Nonlinear Dissipative Systems" 
 

Shin-Ichiro Ei (Hokkaido University, Japan) 
 

The motion of camphor discs in a square domain is considered. Different motions from a usual Billiard problem are 
observed such as the existence of a stable limit cycle. This talk is mainly done according to the content of the monograph 
by Miyaji, E. and Mimura. The interaction of elliptic camphor discs is also mentioned. 

  



A Billiard Problem in Nonlinear Dissipative Systems
-for the memory of Prof. Masayasu Mimura-

Shin-Ichiro Ei
Hokkaido University

Sapporo, Japan



Short summary of careers of Mimura sensei and I

Mimura sensei

-1973, Kyoto Univ.
1970-1980, Konan Univ.

1980-1993, Hiroshima Univ.

1993-1998, Tokyo Univ.

1998-2004, Hiroshima Univ.
2004-2017, Meiji Univ.
2017- , Musashino Univ., Meiji Univ.

1982-1992, Hiroshima Univ.

1992-2004, Yokohama City Univ.

2004-2014, Kyushu Univ.
2014 - , Hokkaido Univ.

I

Sensei looked very busy, 
but enjoyed research, 
softball and tennis.
Many students in Mimura Lab.

Staffs:
Tomoeda, Ito, Matano, Kobayashi, 
Nishiura, Ogawa, …

Tsujikawa, Nakaki, Kan-on, I,
Tohma, Kuwamura, … 
Nagayama, Izuhara, …
:members related to ReaDiNet

Sorry to other members !



Mimura’s Lab. in Hiroshima





In seminars

Simply show simple things.
(Simple things should be shown in a simple way)

sometimes

Explain intuitively (and understandably).                    frequently

What is interesting ? What is the motivation ?   absolutely

(What is the salse point ?)

overwhelmed by his active power and outstanding insight



Spiritually mooring



The first paper which Mimura sensei gave me !
Related to transient and asymptotic motions of solutions for a RD
with heterogeneous media.

by Nanako Shigesada
1984

The motivation fixed my research direction
PhD in 1987

The first paper for me
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MEDIA Volume 4, Number 1 (2009), 1-18.
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Motion of pulses
Joint works with Mimura sensei for pulse/front dynamics
. M. Mimura, K. Sakamoto and S.-I. Ei, Singular perturbation
problems to a combustion equation in very long cylindrical
domains, AMS/IP Studies in Advanced Math. vol. 3(1997), 75-84.

. S.-I. Ei, R. Ikota and M. Mimura, Segregating pattern problem
in  competition-diffusion systems, J. Interfaces and Free Boundaries
vol. 1(1999), 57-80.

. S.-I. Ei, M. Mimura and M. Nagayama,
Pulse-pulse interaction in reaction-diffusion systems,
Physica D 165 (2002), 176-198.

. S.-I. Ei, M. Mimura and M. Nagayama, 
Interacting Spots in reaction diffusion systems,  DCDS 14 (2006), 31-62.

. Xinfu Chen, S.-I. Ei and M. Mimura,
SELF--MOTION OF CAMPHOR DISCS -MODEL AND ANALYSIS-,
NETWORKS AND HETEROGENEOUS MEDIA Volume 4, Number 1 (2009), 1-18.

Drift bifurcation of 
traveling pulse, spot

Pitch-fork type bifurcation
diagram of pulses, spots

1D reflec.

2D reflec.
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Camphor Layer Model(樟脳)

• Nagayama et.al.00
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Experiment for camphor disk
By Kanda (02, Hiroshima Univ.)

k
ck

= 1/(content rate of camphor)

Recorded by the video camera 
at A and monitored by the 
display at B to produce a 

movie.

A trajectory of a camphor
disk of an experiment

Camphor disk problem  is 
a nice example both from
models and phenomena !



Moving boundary (MB) model for camphor disk

water

air

・P

Chen, E, Mimura 2009

WS in Lorentz center 2003?
Drift bifurcation was shown by Chen

First rigorous result
for 2D reflec.

k
ck

MB model which can be rigorously treated.
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Special Cases
• On a line

(E. Mimura, Nagayama 02)

• Neuman boundary

(Matsumoto 02)
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Dynamics of ODE
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Dynamics in a square region

Mimura sensei discovered 
the stable limit cycle 
c.f. Billiard problem
(Generically the region is 
densely filled by orbits)



Experiment in Hiroshima 
by Mimura and Lab. students 2002



Complicated motions of camphor disk

a
b

4. Y. Kanda. Experiments and numerical analyses for motions of a camphor disk(in Japanese). Bachelor thesis, Hiroshima University, 2002. 
5. M. Mimura, T. Miyaji, and I. Ohnishi, A billiard problem in nonlinear and nonequilibrium systems, Hiroshima Math. J. 37(2007) 343–384. 
6. S. Nakata, Y. Iguchi, S. Ose, M. Kuboyama, T. Ishii, and K. Yoshikawa. Self-rotation of a camphor scraping on water: new insight into the old problem. Langmuir 13 (1997)
4454– 4458. 
7. S. Nakata et al.(eds.) Self-organized Motion: Physicochemical Design based on Nonlinear Dynamics, Royal Society of Chemistry, 2019. 
8. U. A. Rozikov, An Introduction to Mathematical Billiards, World Scientific, New Jersey, 2019 
9. N. J Suematsu and S. Nakata, Evolution of Self-Propelled Objects: From the Viewpoint of Nonlinear Science, Chemistry–A European Journal 24 (2018) 6308–6324. 
10. T. Vicsek et al., Novel type of phase transition in a system of self-driven particles, Phys. Rev. Lett. 75 (1995) 1226. 11. T. Vicsek and A. Zafeiris, Collective motion, Phys. Rep. 
517 (2012) 71–140



Limiting problem 
by considering sufficiently large region
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Relation between real phenomena and models
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k
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drift bifurcation

Real phenomena

more realistic but 
complicated models
(can not be analyzed,

many black boxes)

+

check experimentally

?



Synchronization of theory and experiment
In order to reproduce real phenomena truly

sophistication of model equations:
many variables, complicated nonlinearity, etc

What are checked and measured in experiments ?

Physical phenomena:   considerably accurate
Chemical phenomena: considerably accurate for low molecular compounds
Biological phenomena:  qualitative properties e.g. monotonicity, on-off effect

Biological systems or systems close to biology

Many unknown factors: many black boxes, no explicit nonlinearities, 
unknown number of necessary variables, etc

Necessity of modeling and analysis without
any specialization for biological parts



models with black boxes

u ; density of camphor expanding to water

Rely on parts according to physical law

Corresponding to high molecular parts:

Generalize to vector values and treat as black box
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Interaction of Non-radial Camphor tips

Shin-Ichiro Ei
Hokkaido University

Sapporo, Japan

Partially Joint work with
Nagayama, Kitahata, Koyano
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Camphor tip on water surface 
樟脳 (防虫剤)

P ・

water

air

u ; density of camphor expanding to water

Iida, Kitahata, Nagayama 13

Fix centers



Motion of Interaction

・

・

appears in
Note:

m = 2
(ellipse)

Prop.

then

Apsis or minor axis

Ex.

m次の第1種変形ベッセル関数

E. Nagayama, Kitahata, Koyano 2018



Motion of interaction : Mode 2

・

・

appears in
Note:

m = 2
(ellipse)

minor axis



Motion of interaction : Mode 3

m = 3



Camphor tip on water surface 
樟脳 (防虫剤)

P ・

water

air

u ; density of camphor expanding to water

Iida, Kitahata, Nagayama 13

Rely on parts according to physical law

Corresponding to high molecular parts:

Generalize to vector values and treat as black box

Only assume the existence and stability of stationary solution when
F1 is given.



Motion of Interaction

・

・

appears in
Note:

m = 2
(ellipse)

Apsis or minor axis

Ex.

Universal equation

Nm is determined by experiments



Experiment

experiment

Fix centers



Experiment



Interaction of two elliptic camphors

angle

time



summary
・ Model for two camphor particles with deformation is considered.

・The equation describing the motion of angles are derived
for general reaction terms.

・In the case of small deformation from radial symmetry,
the equation is explicitly derived, even with black boxes.

Thank you for your attention

with a lot of memories of Mimura sensei
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BIOLOGICAL BACKGROUND: CELL MIGRATION

• Cell migration: fundamental process in physiological and pathological functions
(immune response, morphogenesis, cancer metastasis, etc)



BIOLOGICAL BACKGROUND: CELL MIGRATION

• Cell migration: fundamental process in physiological and pathological functions
(immune response, morphogenesis, cancer metastasis, etc)

• Cell migration obeys general principle:
Strong correlation between direction of trajectories and velocity of cells
(fastest cells have more directional migration)



CELL MIGRATION MECHANISMS

• Actin filaments: essential components of cytoskeleton of eukaryotic cells

• Polymerize and grow at one end, depolymerize and retract at other end
(near cell membrane)

• Retrograde actin flow
Large, fast actin flows enhance cell polarity, hence cell persistence time

• Actin flows as a result of advection of polarity signals
(= molecules involved in regulation of cytoskeleton activity)



MODEL

u = u(t, x) concentration of solute located in cell
(cytoplasmic protein controlling active force-generation/adhesion machinery of cell)

(P )


ut = ∇ ·

(
∇u−A(t)u

)
, t > 0, x ∈ Ω,

0 =
(
∇u−A(t)u

)
· ν, t > 0, x ∈ ∂Ω,

u(x, 0) = u0(x) ≥ 0, x ∈ Ω,

with convective vector field

A(t) = A(u(t)) :=

∫
∂Ω

f(u)νdσ
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• (P) describes feedback loop between actin fluxes A(t) and a molecular species
- molecules advected by actin fluxes and activated at cell membrane
- activated molecules affect speed of actin flow
- higher concentration gradient across cell =⇒ faster actin flow



MODEL

u = u(t, x) concentration of solute located in cell
(cytoplasmic protein controlling active force-generation/adhesion machinery of cell)

(P )


ut = ∇ ·

(
∇u−A(t)u

)
, t > 0, x ∈ Ω,

0 =
(
∇u−A(t)u

)
· ν, t > 0, x ∈ ∂Ω,

u(x, 0) = u0(x) ≥ 0, x ∈ Ω,

with convective vector field

A(t) = A(u(t)) :=

∫
∂Ω

f(u)νdσ

• (P) describes feedback loop between actin fluxes A(t) and a molecular species
- molecules advected by actin fluxes and activated at cell membrane
- activated molecules affect speed of actin flow
- higher concentration gradient across cell =⇒ faster actin flow

• References

[Calvez, Meunier, Voituriez, CRAS 2010]

[Calvez, Hawkins, Meunier, Voituriez, SIAP 2012]

[P. Maiuri, R. Voituriez et al., Cell 2015]

[Lavi-Meunier-Voituriez-Casademunt, Phys. Rev. 2020]



MOTIVATIONS AND AIMS

• Investigate influence of nonlinearity f on global or nonglobal solvability

• Can concentration occur (on ∂Ω) ? finite time blow-up ?

• Understand global and/or blow-up behavior

• Local well-posedness for rough (Lq) initial data (key tool !)

Typical nonlinearities

f(u) = up, p ≥ 1

f(u) ∼ up at ∞, 0 < p < 1 (f ∈ C1, f ≥ 0)[
• Traveling waves for nonlinearities with saturation f(u) = u/(C + u) – ongoing project

]



BASIC FEATURES

1. Conservation of mass (total amount of solute).

No-flux condition =⇒ ∫
Ω

c0(t, x) dx = M :=

∫
Ω

c0(x) dx

→ special role of space L1
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No-flux condition =⇒ ∫
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c0(t, x) dx = M :=

∫
Ω

c0(x) dx

→ special role of space L1

2. Order of nonlinearity

Divergence formula =⇒

A(t) :=

∫
∂Ω

f(u)νdσ =

∫
Ω

f ′(u)∇u dx
Eqn. becomes:

ut −∆u = p∇u ·
∫

Ω

up−1∇u dx

Quadratic in ∇u (cf. so-called “natural growth”), nonlinearity of order p+ 1
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1. Conservation of mass (total amount of solute).

No-flux condition =⇒ ∫
Ω

c0(t, x) dx = M :=

∫
Ω

c0(x) dx

→ special role of space L1

2. Order of nonlinearity

Divergence formula =⇒

A(t) :=

∫
∂Ω

f(u)νdσ =

∫
Ω

f ′(u)∇u dx
Eqn. becomes:

ut −∆u = p∇u ·
∫

Ω

up−1∇u dx

Quadratic in ∇u (cf. so-called “natural growth”), nonlinearity of order p+ 1

3. Scale invariance (e.g. half-space case Ω = {x ∈ Rn; xn > 0})

u solution =⇒ uλ(x, t) = λn/pu(λx, λ2t) also solution (λ > 0)

Invariant Lq-norm for q = p :

‖uλ(·, 0)‖Lp ≡ ‖u(·, 0)‖Lp , λ > 0



RELATED NONLOCAL PROBLEMS

• Nonlocal Neumann problems with zero order nonlinearities{
ut −∆u = f1(u)

(∫
Ω
f2(u) dx

)
, t > 0, x ∈ Ω

uν = g1(u)
(∫

Ω
g2(u) dx

)
, t > 0, x ∈ ∂Ω

[Pao 98, Liu-Wu-Sun-Li 17, Gladkov 17]
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• Equations with nonlocal gradient terms (and homogenous boundary conditions)

ut − um∆u = up
∫

Ω

|∇u|2 dx
m = p = 1: model of replicator dynamics

[Dlotko 91, S02, Kavallaris-Suzuki 18, Kavallaris-Lankeit-Winkler 17, Lankeit-Winkler 18]
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RELATED NONLOCAL PROBLEMS

• Nonlocal Neumann problems with zero order nonlinearities{
ut −∆u = f1(u)

(∫
Ω
f2(u) dx

)
, t > 0, x ∈ Ω

uν = g1(u)
(∫

Ω
g2(u) dx

)
, t > 0, x ∈ ∂Ω

[Pao 98, Liu-Wu-Sun-Li 17, Gladkov 17]

• Equations with nonlocal gradient terms (and homogenous boundary conditions)

ut − um∆u = up
∫

Ω

|∇u|2 dx
m = p = 1: model of replicator dynamics

[Dlotko 91, S02, Kavallaris-Suzuki 18, Kavallaris-Lankeit-Winkler 17, Lankeit-Winkler 18]

• Nonlocal problems with mass conservation (with homogeneous Neumann conditions):

ut −∆u = up − |Ω|−1

∫
Ω

up dx

[Budd-Dold-Stuart 93, Hu-Yin 95, Jazar-Kiwan 08, Wang-Tian-Li 15]

• Nonlocal problem with mass control:

ut −∆u =
λeu∫

Ω
eu dx

(related with Keller-Segel system)

[Wolansky 97, Kavallaris-Suzuki 07, 18]



OUR PROBLEM

Conservative form 
ut = ∇ ·

(
∇u−A(t)u

)
, t > 0, x ∈ Ω,

0 =
(
∇u−A(t)u

)
· ν, t > 0, x ∈ ∂Ω,

u(x, 0) = u0(x) ≥ 0, x ∈ Ω,

Convective-diffusive form

(P )


ut −∆u = −A(t) · ∇u, t > 0, x ∈ Ω,

uν = (A(t) · ν)u, t > 0, x ∈ ∂Ω,

u(x, 0) = u0(x) ≥ 0, x ∈ Ω,

A(t) =

∫
∂Ω

f(u)νdσ =

∫
Ω

f ′(u)∇u dx

f(u) = up (p > 0)



LOCAL WELL-POSEDNESS FOR ROUGH DATA

Standard theory =⇒ local well-posedness for smooth initial data (e.g. C1(Ω)).

Theorem 1.

Let p > 0, q ≥ max(p, 1), u0 ∈ Lq(Ω).

(i) Problem (P) admits a unique maximal classical positive solution

u ∈ C2,1(Ω× (0, T ∗)) ∩ C([0, T ∗);Lq(Ω)).

(ii) If q > p and T ∗ <∞, then limt→T∗ ‖u(t)‖q =∞.



LOCAL WELL-POSEDNESS FOR ROUGH DATA

Standard theory =⇒ local well-posedness for smooth initial data (e.g. C1(Ω)).

Theorem 1.

Let p > 0, q ≥ max(p, 1), u0 ∈ Lq(Ω).

(i) Problem (P) admits a unique maximal classical positive solution

u ∈ C2,1(Ω× (0, T ∗)) ∩ C([0, T ∗);Lq(Ω)).

(ii) If q > p and T ∗ <∞, then limt→T∗ ‖u(t)‖q =∞.

Remarks

• Critical role played by Lp norm:

- continuation property (ii) fails for 1 ≤ q < p or q = p = 1,

- for p = 1, entropy blows up whenever T ∗ <∞, namely

lim
t→T∗

∫
Ω

(u log u)(t) dx =∞

• Condition q ≥ p in Theorem 1 also natural in view of scaling properties

• Open problem whether local existence may fail when 1 ≤ q < p

• L1 scaling critical case belongs to local existence range

(6= Fujita equation ! ut −∆u = up, p = 1 + 2
n , q = 1)



CRITICAL MASS PHENOMENON FOR p = 1

Theorem 2.

Let f(u) = u, u0 ∈ L1(Ω) and set M = ‖u0‖1.

(i) If M ≤ 1, then T ∗ =∞ and supt≥1 ‖u(t)‖∞ <∞
(ii) If M > 1 and Ω is a cylinder, then there exist u0 such that T ∗ <∞.



CRITICAL MASS PHENOMENON FOR p = 1

Theorem 2.

Let f(u) = u, u0 ∈ L1(Ω) and set M = ‖u0‖1.

(i) If M ≤ 1, then T ∗ =∞ and supt≥1 ‖u(t)‖∞ <∞
(ii) If M > 1 and Ω is a cylinder, then there exist u0 such that T ∗ <∞.

Remarks

• Critical mass phenomenon with sharp threshold M = 1.

• Reminiscent of well-known situation for 2d Keller-Segel system.

Main difference:
- critical mass phenomenon is dimension-independent
- solutions with critical mass remain bounded, unlike critical mass case of 2d KS



CRITICAL ROLE OF EXPONENT p = 1

ū0 :=
1

|Ω|

∫
Ω

u0 dx (average of u0)

Theorem 3. Let u0 ∈ L1.

(i) If 0 < p < 1, then T ∗ =∞ and supt≥1 ‖u(t)‖∞ <∞
(ii) If p > 1 and M > 0, then there exists u0 such that T ∗ =∞ and ‖u0‖1 = M



CRITICAL ROLE OF EXPONENT p = 1

ū0 :=
1

|Ω|

∫
Ω

u0 dx (average of u0)

Theorem 3. Let u0 ∈ L1.

(i) If 0 < p < 1, then T ∗ =∞ and supt≥1 ‖u(t)‖∞ <∞
(ii) If p > 1 and M > 0, then there exists u0 such that T ∗ =∞ and ‖u0‖1 = M

Sign of nonlinearity is important ! :

Theorem 4. Let f(u) = −um with m ≥ 1 and u0 ∈ Lm(Ω).

Then T ∗ =∞ and supt≥1 ‖u(t)‖∞ <∞.



ASYMPTOTIC BEHAVIOR OF GLOBAL SOLUTIONS

Theorem 5.

(i) Let p = 1 and u0 ∈ L1.

• If M < 1, then

lim
t→∞

‖u(t)− ū0‖∞ = 0, ū0 =
1

|Ω|

∫
Ω

u0 dx.

• If M = 1, there exist nonconstant steady states.

(ii) Let p > 0 and u0 ∈ Lq, q = max(p, 1).

• If ‖u0‖q � 1 then T ∗ =∞ and

lim
t→∞

‖u(t)− ū0‖∞ ≤ Ce−λt.

• There also exist nonconstant steady states.



ASYMPTOTIC BEHAVIOR OF GLOBAL SOLUTIONS

Theorem 5.

(i) Let p = 1 and u0 ∈ L1.

• If M < 1, then

lim
t→∞

‖u(t)− ū0‖∞ = 0, ū0 =
1

|Ω|

∫
Ω

u0 dx.

• If M = 1, there exist nonconstant steady states.

(ii) Let p > 0 and u0 ∈ Lq, q = max(p, 1).

• If ‖u0‖q � 1 then T ∗ =∞ and

lim
t→∞

‖u(t)− ū0‖∞ ≤ Ce−λt.

• There also exist nonconstant steady states.

Remark. Previous result [Calvez, Hawkins, Meunier, Voituriez, SIAP 2012]

ut = (ux − u(0, t)u)x on half-line I = (0,∞), with zero flux condition at x = 0

Existence of a global, suitable weak solution

for u0 ∈ L1(I, (1 + x)dx), u0 log u0 ∈ L1(I), M ≤ 1



ASYMPTOTIC BEHAVIOR OF BLOWUP SOLUTIONS

• Cylinder Ω = (0, L)×B′R ⊂ Rn if n ≥ 2, or Ω = (0, L) if n = 1

• Initial data u0 ∈ C1(Ω), axisymmetric with respect to e1 (if n ≥ 2), ∂x1
u0 ≤6≡ 0

Theorem 6.

(i) Assume n ≥ 2. Then

u(x, t) ≤ Cx−1
1 in Ω× (0, T ∗).

In particular, if T ∗ <∞ then blow-up set ⊂ ∂Ω ∩ {x1 = 0}.
(ii) Assume n = 1. Then

u(x, t) ≤ (px)−1/p + C in (0, L]× (0, T ∗).

In particular, if T ∗ <∞ then blow-up set = {0}
(iii) Lower blow-up estimate:

‖u(t)‖∞ ≥ C(T ∗ − t)−1/2p, 0 < t < T ∗



ASYMPTOTIC BEHAVIOR OF BLOWUP SOLUTIONS

• Cylinder Ω = (0, L)×B′R ⊂ Rn if n ≥ 2, or Ω = (0, L) if n = 1

• Initial data u0 ∈ C1(Ω), axisymmetric with respect to e1 (if n ≥ 2), ∂x1
u0 ≤6≡ 0

Theorem 6.

(i) Assume n ≥ 2. Then

u(x, t) ≤ Cx−1
1 in Ω× (0, T ∗).

In particular, if T ∗ <∞ then blow-up set ⊂ ∂Ω ∩ {x1 = 0}.
(ii) Assume n = 1. Then

u(x, t) ≤ (px)−1/p + C in (0, L]× (0, T ∗).

In particular, if T ∗ <∞ then blow-up set = {0}
(iii) Lower blow-up estimate:

‖u(t)‖∞ ≥ C(T ∗ − t)−1/2p, 0 < t < T ∗

Remark: power 1/p is optimal (open question for n ≥ 2)

Open problems (possibly difficult)

- upper time rate estimate (type I/II ?)

- single point BU in cylinder

- BU for other domains (difficulty: monotonicity)

- attractivity of nonconstant steady-states



IDEAS OF PROOFS: Theorem 1 (local existence for Lq data)

• Approximation by smooth initial data

• Semigroup techniques / smoothing effects via representation formula

u(t) = S(t)u0 +

∫ t

0

K∇(t− s)[A(s)u(·, s)] ds, 0 < t < T,

with differentiated semigroup

[K∇(t)ψ](x) =

∫
Ω

∇yG(x, y, t) · ψ(y) dy, ψ ∈ (L1(Ω))n

• Fixed point in fractional Sobolev spaces with time-weighted intermediate norm

sup
t∈(0,T )

t1/2q‖ui(t)‖1/q,q

• Use interpolation + trace inequality W 1/q,q(Ω) ⊂ Lq(∂Ω)

Remark. Critical case p = q (especially p = q = 1) more delicate



IDEAS OF PROOFS: Theorem 2 (blowup in a cylinder – case p = 1, M > 1)

• Assume u0,x1
≤ 0. Maximum principle =⇒ ux1

≤ 0

• Auxiliary functional: first moment

φ(t) =

∫
Ω

x1u dx ≥ 0
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IDEAS OF PROOFS: Theorem 2 (blowup in a cylinder – case p = 1, M > 1)

• Assume u0,x1
≤ 0. Maximum principle =⇒ ux1

≤ 0

• Auxiliary functional: first moment

φ(t) =

∫
Ω

x1u dx ≥ 0

φ′ =

∫
Ω

x1ut =

∫
Ω

x1∇ · (∇u−A(t)u) dx

• IBP + B.C., mass conservation
∫

Ω
u = M and A(t) =

∫
Ω
∇u dx =⇒

φ′ = −
∫

Ω

e1 · (∇u−A(t)u) dx = (M − 1)

∫
Ω

ux1
dx ≤ 0

• For Ω = (0, 1): u(t, 0) ≥M , u(t, 1) = u(t, 1)

∫ 1

0

2xdx ≤
∫ 1

0

2xu(t, x)dx = 2φ(t)

=⇒ φ′ ≤ −(M − 1)(M − 2φ(t))

But 2φ(0) =

∫ 1

0

2xu0(x)dx <

∫ 1

0

2xu0(x2)dx =

∫ 1

0

u0(z)dz = M

=⇒ φ′ ≤ −η < 0 : contradiction



IDEAS OF PROOFS: Theorem 2 (global existence – case p = 1, M ≤ 1)

• Entropy function φ(t) :=
∫

Ω
(u log u+ 1) dx > 0.



IDEAS OF PROOFS: Theorem 2 (global existence – case p = 1, M ≤ 1)
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• Entropy function φ(t) :=
∫

Ω
(u log u+ 1) dx > 0.

• Test with log u:

φ′(t) = −
∫

Ω

u−1|∇u|2 dx+

∣∣∣∣∫
Ω

∇u dx
∣∣∣∣2

Cauchy-Schwarz and M ≤ 1 =⇒

φ′(t) ≤ −
∫

Ω

u−1|∇u|2 dx+

∫
Ω

u dx

∫
Ω

u−1|∇u|2 dx = (M − 1)

∫
Ω

u−1|∇u|2 dx ≤ 0

• An ε-regularity property:{
u0 = u1

0 + u2
0

‖u1
0‖1 � 1, ‖u2

0‖∞ ≤ K
=⇒ smoothing effect in L∞ with uniform time τ(K) > 0

• Entropy bound + ε-regularity =⇒ uniform L∞ estimate
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• Mass control =⇒ uniform L∞ estimate
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Theorem 3 (global existence – case p < 1)

• L1 norm is scaling supercritical

=⇒ L∞ smoothing effect from L1 bound (by local theory)

• Mass control =⇒ uniform L∞ estimate

Theorem 5 (asymptotic behavior)

• case p = 1, M < 1. Use entropy as Liapunov functional:∫ ∞
1

∫
Ω
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=⇒ ω limits are space-independent hence ≡ ū0 by mass conservation
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up as Liapunov functional
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Theorem 3 (global existence – case p < 1)

• L1 norm is scaling supercritical

=⇒ L∞ smoothing effect from L1 bound (by local theory)

• Mass control =⇒ uniform L∞ estimate

Theorem 5 (asymptotic behavior)

• case p = 1, M < 1. Use entropy as Liapunov functional:∫ ∞
1

∫
Ω

u−1|∇u|2 dxdt <∞

=⇒ ω limits are space-independent hence ≡ ū0 by mass conservation

• case p > 1, ‖u0‖p � 1. Use
∫

Ω
up as Liapunov functional

Theorem 6 (blow-up space asymptotics – case n = 1)

• Auxiliary functional
φ := ux + up+1 −K1u−K2

Maximum principle =⇒ φ ≤ 0

• Integrate in x =⇒ u(x, t) ≤ (px)−1/p + C
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• Optimal results on local well-posedness in Lq spaces (critical exponent q = p)

• Optimal results on global solvability (critical exponent p = 1)

• Sharp mass threshold phenomenon for p = 1 (critical mass M = 1)

• Asymptotic convergence to constants for subcritical mass or small data

• Nonconstant steady states

• Partial information on blow-up set, rate and profiles

• Open problems

- upper time rate estimate (type I/II ?)

- single point BU in cylinder

- BU for other domains

- attractivity of nonconstant steady-states
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"Front propagation in the presence of obstacles" 
 

Hiroshi Matano (Meiji University, Japan) 
 

In this talk I will discuss the effect of geometric obstacles on the propagation of fronts. Two types of fronts are 
considered. One is a transition layer in a bistable reaction diffusion equation. The other is a curvature-dependent motion 
of plane curves. Both types of fronts are closely related. In the first part, I will present my joint work with Henri 
Berestycki and François Hamel. I will then discuss the curvature-dependent motion of plane curves through an infinite 
channel with saw-toothed boundaries. For this second topic, I will first recall my joint work with Ken-Ichi Nakamura 
and Bendong Lou (2006, 2013), which deal with domains with mildly undulating boundaries. I will then discuss my 
ongoing joint work with Ryunosuke Mori, which deals with domains whose boundaries have steeper bumps. In such 
domains, a new type of phenomenon, which we call “obstacle-induced propagation”, can be observed. 
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My work on dumbbell-shaped domain 
was inspired by his question.
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Outline of the talk

Joint work with Ryunosuke Mori  (Meiji University)
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Propagation in the presence of obstacles
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Front propagation in the presence of obstacles

(Case1)  K :  compact obstacle

(Case2)  K :  perforated wall

Q What is the long-time effect of this incidental disturbance?

K :  obstacle

Incidental 
distubance

planar front

Berestycki-Hamel-M. (CPAM 2009)

subject of the present talk

Effect of localized obstaclesTheme 1
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Effect of boundary geometry on front propagation 

Propagation:  Which direction is faster?Q

Theme 2
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Effect of boundary geometry on front propagation 

Propagation:  Which direction is faster?Q

The bigger the 
opening angles,  the 
slower the speed

Theme 2

Related problem:
Existence of a non-constant 
stable stationary solution in a 
dumbbell-shaped domain

M (1979)

M – Mimura (1983)
competition sys



f (u) : bistable

Approximate law of motion

V = normal velocity   
H =  mean curvature     
N = space dimension
A : driving force

S. Allen & J. Cahn (1979) 
K. Kawasaki & T. Ohta (1982)

0 1
u

f (u)

a

Tokyo 2023

Interface motion  (N > 1) 

RD equation

(A)  f : balanced V = (N - 1) H

(B)  f : unbalanced V = (N - 1) H + A

balanced: unbalanced:

outward normal 
vector

mean curvature flow
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Effect of boundary geometry on front propagation

Propagation:  Which direction is faster?Q

The same fact was used, e.g., in the 
study of spreading depression (SD)  
by Dronne et al (2004).

Too rapid widening
blocks propagation.

The bigger the 
opening angles,  the 
slower the speed



Idea of proof.  Either by a variational 
method or by a super-solution method.

cf. [M. 1979], [M.-Mimura 1983]  (A)
[Beres.-Hamel-M. 2009]  (B)
[Berestycki-Bouhours-Chapuisat 2016] (C)

(A) (B)

(C)
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Related result.  If the holes are too small, then blocking occurs.



2.  Propagation through a  
perforated wall

Tokyo 2023

Joint work with Henri Berestycki (EHESS)
François Hamel (Aix-Marseille)



Planar traveling front  

1

0 x

Formulation of the problem 

f (u): bistable

0 1
u

f (u)

a

Q Under what conditions can the front 
penetrate through the wall?

Tokyo 2023

K



Invasion / blocking dichotomy
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In particular, there is no blocking profile that converges to  0  too slowly.



Invasion / blocking dichotomy
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Dichotomy theorem De Giorgi type lemma



Theorem 3.  If the holes are too small, then blocking occurs.

Idea of proof.  Either by a variational 
method or by a super-solution method.

cf. [M. 1979], [M.-Mimura 1983]  (A)
[Beres.-Hamel-M. 2009]  (B)
[Berestycki-Bouhours-Chapuisat 2016] (C)

(A) (B)

(C)
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Three types of walls

1.  Wall with large holes

2.  Small capacity wall

3.  Skeleton wall

A ball of radius  R0  can pass through one of the 
holes in the wall, where  R0  is a certain positive 
number to be specified later.  

K  is close to a set of capacity 0 in a certain sense.  
 (Kε  is in the ε neighborhood of a set K0  of capacity 0.)

K  consists of thin panels parallel to the x1 axis.  
More precisely,  K0 is a locally finite union of 
hypersurfaces parallel to the x1 axis and let  Kε  
converge to  K0  in a certain sense.

Tokyo 2023



3.  Propagation in a saw-toothed 
cylinder

Tokyo 2023

Curvature-dependent motion of interfaces

Joint work with Ryunosuke Mori  (Meiji University)
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Curvature-dependent motion of a plane curve

normal velocity
curvature
constant  > 0

• Evolution of a phase boundary.
• Singular limit of the Allen-Cahn equation

V
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perpendicular
normal velocity
curvature
constant  > 0

Motivation

1. To study the effect of geometry on the 
speed of propagation.

2. Find conditions on the boundary shape 
for propagation and blocking.

New discovery: obstacle-induced propagation

Motion in an infinite strip with undulating boundaries
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mean curvature flow
Singular limit

sharp-interface limit

Transition layer 
(moving front) sharp-interface 

front

Typical expample
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2.  Previous results

[1] HM, K.-I. Nakamura, B. Lou 
    (Networks & Heterogeneous Media 2006)

[2] B. Lou, HM, K.-I. Nakamura 
    (JDE 2013) 

Motion without singularity
(the case of mildly undulating boundaries)
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recurrent functions

normal velocity
curvature
constant

If the curve is a graph:  function                      
then  the equation reduces to: 

perpendicular
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maximal opening angles

maximal closing angles

Notation
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Stationary solution

𝛾𝛾 : stationary

𝛾𝛾 is a circular arc of curvature −𝐴𝐴 
whose ends meet the boundary 
with the angle 𝜋𝜋/2 .  

Definition

Blocking: The curve remains bounded as  𝑡𝑡 → ∞ .

Propagation: The curve (or at least its portion goes to infinity in 
𝑦𝑦 direction as  𝑡𝑡 → ∞ .
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[1] M, Nakamura & Lou (2006)
[2] Lou, M & Nakamura (JDE 2013) 

Slope condition in the previous works 

A unique classical solution of the following problem exists 
globally in time and satisfies

Boundary slope condition

Motion without 
singularity

Assumption on 
the initial curve

+B.C.
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The results of MNL (2006)

𝑔𝑔 𝑦𝑦 periodic

1. Blocking occurs if and only if there is 
a stationary solution, or, equivalently, 
if and only if                                         
In this case, any solution converges 
to a stationary solution as  𝑡𝑡 → ∞ .

2. If no stationary solution exists, then 
there exists a traveling wave solution, 
which is unique up to time shift.  In 
this case, any solution converges to a 
traveling wave as  𝑡𝑡 → ∞ .

3. Results on the homogenization limit.

Idea of proof: Strong maximum principle and the analysis of 
the omega limit set.
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The periodic case:

Definition (periodic TW):

average speed

What are traveling waves?

Remark:  In the non-periodic case, traveling waves can be defined 
by using the notion of hull of a function.
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Homogenization

What determines the limit speed ?

large small

boundary shape

c0: limit speed
φ: limit profile

Homogenization limit

The limit contact 
angle plays the 
key role.
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Strategy

Difficulty:  The two ends of the curve flips back and forth very 
rapidly, which makes it difficult to derive a precise asymptotic 
expansion even formally.

Estimate the gradient at         away from boundary. 
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Homogenization limit

Theorem [1] (homogenization). 
Assume                        and let                 be the periodic TW that is 
normalized to satisfy                        .  Then 

(i)               converges to a function of the form                       as         
whose contact angle is                           .

(ii) The limit speed          is determined by  
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Corollary.  The limit speed         satisfies

The larger the 
opening angle     , 
the slower              
the speed         .
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3.  Main results

• Traveling waves with singularities
• Obstacle-induced propagation
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Boundary slope condition

Removal of the slope condition

The curve may touch the boundary 
besides the endpoints, which forces 
the curve to split, thus creating 
singularities. 

The solution can no longer be treated in the classical framework, 
so we consider the problem in the framework of viscosity solutions. 
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Viscosity solution

Classical 
setting

Level set 
approach 

Regard the curve 𝛾𝛾𝑡𝑡 as a level set of an auxiliary 
function 𝑈𝑈 𝑥𝑥, 𝑡𝑡  .
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The function 𝑈𝑈 satisfies the following equation formally.

We consider viscosity solutions of the above equation and regard it 
as a solution of the original problem in a generalized sense.

𝒞𝒞𝒞𝒞 𝛾𝛾0 : central component𝒰𝒰 𝛾𝛾0 : viscosity solution

Note: we focus on the central component of the viscosity solution.
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Blocking and propagation

1. Blocking occurs if and only if there is 
a stationary solution.

2. If no stationary solution exists, then 
there exists a traveling wave solution, 
which is unique up to time shift.  In 
this case, any solution without 
fattening converges to a traveling 
wave as  𝑡𝑡 → ∞ .

3. Results on the homogenization limit.

Corollary.  If the bumps are sufficiently dense, 
then propagation occurs.

Obstacle-induced propagation

(This idea was proposed by H. Ninomiya for RD.)
No stationary 
solution
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4.  Numerical simulation

Propagation with singularities
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Simulation by Steffen Plunder 
(ASHBi, Kyoto University)Which direction is faster?
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Simulation by Steffen Plunder 
(ASHBi, Kyoto University)Which direction is faster?
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Simulation by Steffen Plunder 
(ASHBi, Kyoto University)Which direction is faster?
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Obstacle-aided propagation Simulation by Steffen Plunder 
(ASHBi, Kyoto University)
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Obstacle-aided propagation Simulation by Steffen Plunder 
(ASHBi, Kyoto University)
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Obstacle-aided propagation Simulation by Steffen Plunder 
(ASHBi, Kyoto University)

Obstacle-induced 
propagation



Thank you for your 
attention!
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