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Delta Domes over Equiangular Polygons

Joseph O’Rourke & MIT CompGeom Research Group
October 4, 2023

Abstract

A general conver deltahedron is a convex polyhedron whose surface is
composed of unit equilateral triangles, possibly coplanar. So every face
is a convex polyiamond. In this work we consider such a surface D with
boundary, sitting above a planar convex polygon P. We say that P can
be domed if there is a D so that (a) D U P is a convex polyhedron, and
(b) DN P = 9P. So the resulting convex polyhedron is a deltahedron
except for one face P.

Our main result is a complete characterization of which equiangular n-
gons can be domed: only if n € {3,4,5,6,8,10,12}, and only with certain
patterns of integral edge lengths. We also mention several other results
that will appear in a future paper.
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Fig.2 Stress simulation: Material: Cardboard, Thickness: 0.2 mm, Density: 256.9 kg/m3, Young's modulus: 0.664 GPa,
Poisson's ratio: 0.3 When a load of 20 N is applied to the position shown in (a) and the stress distribution is calculated,
the central part is concave as shown in (b). As a countermeasure, it is shown in (c), When reinforcement is provided on
the head, the dent is reduced as shown in (d).
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Fan production automation research
(Preliminary results of cutting machines used for fan manufacturing)

Luis DIAGO ', Junichi SHINODA ",
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"B K Meiji University
kAt A v ¥ —1a—F X Interlocus Inc.

Introduction

In Japan, the fan industry is more than 1200 years old. Skills have been passed down from generation to generation to
this day. With the aging of the population, these skills have been lost due to the lack of continuity of the new
generations. That is why the Meiji Institute for Advanced Study of Mathematical Sciences (MIMS), in collaboration
with several local thousand-year-old companies, have proposed to re-establish the fan manufacturing industry with the
use of new technologies in processes where human intervention is not essential and manufacturing processes can be
accelerated by cutting production costs. Here we describe the MIMS Collaboration Project entitled “Research on using
image processing, machine learning and origami engineering for folded-fan production” focusing on the development of
a new folding machine for fan manufacturing. Advantages and limitation of current cutting machines are discussed.

Materials and methods Manufacturing without distortion

A new mathematical formula considering
fan-folding distortions that allows their
manufacture without picture distortions was ) -
developed in a previous work [1]. The
template shown in Figure 1 (A3 paper size)
can be obtained with simple rescaling and
rotation in the equations (shown in the left,
see details in [1]). Norigami folding
machines have also been proposed to fold
and glue linear accordion-shaped patterns
[2]. In this work, a simulation and
experimental environment was created using a traditional cutting machine (CAMEO4) to cut and fold the curved
accordion-shaped pattern of a traditional Japanese fan (consisting of glued three layers of paper).

Figure 1. Fan folding equations, template and its manufacturing environment

Preliminary Results and Future Works

Figure 2 shows a comparison of the actual results. The
first column shows the CAMEO4 machine in
operation. The machine has two blades that were used
to mark the folding lines on the paper and cut the edge
of the fan. The detail below shows some damage to
the paper due to the cutting of the blades. The second

wvvvvvvvmr‘
column shows the template after cutting and folding \
by hand following the folding lines marked on the ]

paper. The detail below shows that although the lines Figure 2. Comparison of current results

can be folded, it is difficult to make the valley lines

because they have only been marked on one side of the paper. The last column shows a painted fan totally hand folded
by a professional and in the detail below is a comparison of above two fans. The damage done to the paper by the
blades and by the glue of the adhesive mat is detrimental to the quality of the final product, so we are considering
adapting the previous machine [2] to make folds on both sides of the paper without turn it over, changing the blades for
a pen tip and replacing the adhesive mat for an electrostatic one.

References

[1] K. Yamazaki, F Abe and I Hagiwara, Mathematical elucidation of the traditional Japanese fan focusing on its
structure. Transactions of the JSME (in Japanese) 2021, Volume 87, Issue 897, Pages 21-00042
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Conference; Vol. 5B-2016). American Society of Mechanical Engineers (ASME).



O,

FREEHE S >/ — DA & ERR
FIR—ER (BIAK%E)

O HESLCELLEDOEENTB LA EAET, VU o —REL v =%, RECER L o
X =R & U ClRA < BEF &4, RE DR Y LHIEGES B R FIC L D HEMRRE E2k 5
% =— Xk U Chk % 7o FEBRFE ATt TV b,
@ ROV o F—RKJEL v 3—IlE, RORENR DD, (1) WES 2/ 3—DOfififfi T & 2 I8 EE)
BE a3 L ORI T LR | PONERNOMEEIHEH LIC< Y, (2) @ Y 7 —3EH<
B Ak 2 B8R T D KRR e 1T A LI < v, (3) B ISR T IR KRR TR AN E £ 137
2Tl BEHMICH T X LARANEMENME GENH Y V) = GHEY N — DR E Y —
JAZER P IE SIS SR U, (B A B O50 L EERE 72 & O DR AT 2 ATREPEDS Ei VY,
@ LEoMEEYEEL, kO ) A —RMESX =R Y Iz, K2R T X9, #hmich
- CHHIZHHEC & 5 M EPTHEE RSO) ORMEEFIH U772 #i7z 2 YA & v R — 242 =T 5, HIZ,
FhaREsE NEWA ha—2r - W ZFEKX (K 3) - 2 - SEEE 57 AT 4 73—
FTCIRT TS, 228, FBUME S v R — 3 E T RZOMA SR & OLFIETH D,
@ ZoFHFAIE, RSO ODRLEWEZFIH LA N E B2/ —h (K4) REEOZOICHAN T g
UNLEHIRAT D EBE Y ARy g B BRI TH D Z L Bk RS,

0 s
B"V[:; y\— Random load—~ é

a<05L
mE—L

fEhAEe el

Pk F = —7

(a) (b)
X3 A ko — 7 XPrkilhE S > X—(a) & ZDOfiEHTET /v (b)
i s

- = MIE 2 2 73— .

T — 1 W

o = 7
IS A L TR S
S SR (b) | G) S BN ()

B4 BOLTE %A STHIIER RSO MIEX v o3 — LI TR EREE OB 2 H 3> — MERN



45 FEBRG -/ H — BT B JRPT T Al RE R B X o
¥z FIF L ZDD 12 L A%%
YL Eh ks iy Rl

KREEF T, 45 ERB T Z — v ORPF D ico T Y i 3, Fric, RFTEET Y vlHE 7 BB
Moz EFeFlFEiconThi~g, 22T, 45 ERETF S 2—vid, K 1ICRT X5 IcHE, #,
BLOAS LD O R8T TH S, K11k, 2X3 D 45 ERIGET X2 — v LIFIN S,
45 ERIEA N X = F T OMRIC B T 2 AN HEAUE LT Y., Zo—fEiIT e 35 C
ETHI O MIEROERRK E %, 728 212, K2 (a), () DEBRKIZ, & DIT4X4 D 45 TR T8
RA—=VICEEINTEY, TNEN OO AE" LN DO“LE LI ICIHTEZ LT 5,
JEFTEEYT O ATEE A R, FTEMICE W TZ OB oY 0 RO EE 2723 (F4ab
B FIHSICE W COHEPT Y flERERKcH v | R vlRERERR OB L b x5 2 &
HBTE D, ek, RACEETT O ATRE R BRI/ 5t 2723 b D TH B 720, P Y A

AHTRER RIS & £ 5,
(a) N (b) !
»
(c) (d)
~ J
BI1. 2X3 D45 FERIETF XX —V

2. “JEEHECZE LN E XL U2 OERFK

Reference
[11Y. Enomoto, Y. Kawakami, K. Seto, T. Horiyama, and

J. Mitani, Counting and ZDD-based Enumeration of
Locally Flat-Foldable Box-Pleated Crease Patterns on the
45-Degree Grid System, The 5th International Workshop
on Enumeration Problems & Applications, 2022.

3. 8x8 DJFFTFEIT Y nIHE 7 EFHIX D B

FLUT oY 4 L odbFEpECY - BEAER (LimERS), HFME (LEmERF), =k (FUEKE)



M I M S IREREIBZHSHEARES FOMORFEEE LT D7 — b - BESSUOITRIZFADISA IV

FERTE : 2023 £ 12 A 15H (&) -16 8 (1)

RESESM[HI G LR & SRS

Dihedral angle alignments and polyhedron generation
in RES (Rotational Erection System)

FHILHERY: 124 Aichi Institute of Technology
Rl BA B2 Yoshinobu Miyamoto

RES (Rotational Erection System) 1390 H & #t ) H THM 2 HiSMIEE § 2 Bk, mHT 5
M A2 BEET 2 X )G TH B, 2 oM T H & AT L CIESmE, kS mik
ZIEET 5 ik EEEl 2R T,

EEL
b EfIEBOB G, b L FOH TS 7D OISR « D44, n=3, 5
BT IEL2IE R, ISR RO 2R OB (Origami SimulatorfiH)

SR W, FPEEROIRH G SRR IS L. USRS T .




AT Y $RAE O KB =ik

7 EgE
Hiromi Yasuda"!
U SEHITZEAFSE RS HAE  Japan Aerospace Exploration Agency

A=y MRUEED BRI EE SN B ARG B AR OMEW N D T T 4 AT DR E VDo TG £ T
MRIKS BN TWD, £ 95 LIZAEINEEZ A4 5 2 WEmid, BTF2N7R 7 — 2 OESRITI A, FAHME
(2 &0 B DR E ORI 72 R % R B THFE M T TV D, AWFZETIE, EAER L D=y
N e LS JEI RO B S 78T 0 HAEIEICTE R L, ORF I J O BB RAFE I DU TEUAEMATIC L 0 3¢
L<H~D, B, MEOEBIMEZMM L, ARERECLDHEELZ2=y PR VERICEAT L2 &
T, Ir0 MRS SR OMIE (FRCRITM) 2T 5, E7o. BIRERHEOA#T TiZ. Bloch-Floquet O J& 5T
REfaa=y bEMCHEMA L, EAEEITIC LD oBEERETH~D, FRITIC & 2l RGN A
TrOOPT 0 A, o EE T 2T 2N E DX S REBLH X D0 EM5, KEIZ, BEER
(C KD EIEE 2 AT DI D HSE ORIELAR L. TSI OV Tlgim 9 %o



PR RG0S LRI E S TV ORI R 2 L 957 — b - HEB L OTH~0ISAIV]) 2023.12.15-16

DY AR O8O T V) 72 72 2 % B A0 <

ZZE HE (RSB SYA AT 45 22— b, cnara@jeans. ocn. ne. jp)

PO STV 2= ADREERE ) A 7 NVOTDITFEHIIHT Y 7oize & &, FEM DO K5 IR
PR 2 LI LTV, BIRIE, 4 DOIE=MATEN G725 EMEAROREIL, 2ERZ I LIAT X 512
LTHETILEHTEDL, —DOHERIEAREZZET THOREKEZM LT LI LTHELIZTED (K1,
1] BLO K2,[2D)), 22T, v HoB < @AV 2 WEYT Y TELITT 5515 (K3, [3])
2 b, BEL o8& 2 THO 2500 ) & TROBSENAMAT ) & L THRAET, £O R
IEWH R Z Skl LTI IEER (K 4) oz Vi BISEGRIC T Iolcde & &, BARRTO DK
7pEE L LTRESEL72DTHD (4D,

X 2. 1EPU AR D R D285 Ak <

1

X 3. IEWHEAED 2 HZ —>PFr D45 4. 4RICOERR

2% 3R

[1] Abel, Z., Demaine, E.D., Demaine, M.L., Itoh, J., Lubiw, A., Nara, C., O'Rourke, J.: Continuously Flattening
Polyhedra Using Straight Skeletons. Proc. 30th Annual Symposium on Computational Geometry (SoCG), 396--
405 (2014).

[2] Itoh, J., Nara, C., Vilcu, C.: Continuous flattening of convex polyhedra. Revised Papers, 16th Spanish Meeting
on Computational Geometry (EGC 2011), LNCS, {¥bf 7579}, 85--97 (2012).

[3] Itoh, J., Nara, C.: Continuous flattening of Platonic polyhedral}. Computational Geometry, CGGA 2010, LNCS
7033, 108--121 (2011).

[4] Nara, C., Itoh, J. Continuous folding of the surface of a regular 4-dimensional simplex onto its facet, In Abstract

of IDCGGG 2023.



