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It is said that geometry in ancient Greece started from the curiosity of mathematicians about the
shapes of crystals. Indeed their curiosity culminated in the classification of regular convex polyhedra
which is addressed in the final volume of Euclid’s Element. Since then, geometry had taken its own
path, and the study of crystals had not been the central theme in mathematics (an exception is the
work of Johannes Kepler on snowflake). It is only in the 19th century that mathematics began to
play a role in crystallography; that is, group theory became matured enough to be applied to the
morphology of crystals. Crystallographic groups introduced to describe macroscopic symmetry of
crystals have been a basic tool in classical crystallography even after Raue's discovery of crystal
structures by the diffraction of X-rays.

This study follows the Greek tradition in the sense that we seek beautiful shapes like regular
convex polyhedra. Our primary aim was to use algebraic topology to explore the rich world of crystal
structures. More specifically, we employ graph theory, homology theory and the theory of covering
maps to introduce the notion of topological crystal which retains, in an abstract way, all the
information on the connectivity of atoms in the crystal. This explains the reason why this study is
entitled “Topological Crystallography”.

Topological crystals are “living in the logical world, not in space”. This leads us to the issue on how
to place (realize) them “canonically” in space. We proposed the notion of standard realizations of
topological crystals in space which are characterized by a certain minimal principle, and include, as
typical examples, the crystal structures of Diamond and Lonsdaleite. Standard realizations are the
most symmetric placements so that, if we take for granted the belief that beauty is bound up with
symmetry, then the standard realizations may deserve to be called most beautiful.

We also gave a mathematical view to the standard realizations by relating them to asymptotic
behaviors of random walks and harmonic maps. Furthermore, we observed that a discrete analogue
of algebraic geometry is linked to the standard realizations.

Applications of our discussion include not only a systematic enumeration of crystal structures,
an area of considerable scientific interest for many years, but also the architectural design of

lightweight rigid structure.
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