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Biological scaling (allometry)
•The study of the relationship of body size to the other 

characteristics (ex) basal metabolic rate, cardiac rate, size of 

body parts, speed, shape, ...).

•referred as allometry in zoology.



Why are the scalable properties
important?

It does not involve chance but instead tells us about the 
physical laws behind biological behaviour.

In particular,

the observation of scaling laws that hold across size 
differences of several orders of magnitude may lead to 
substantial revisions in the understanding of not only the 
field of interest but also in many other fields of study.



metabolic rate ∝ m3/4

m





BackgroundSlime mould 
(Physarum Policepharum) 

•Multinucleus single-cell organism with amoeboid 

movement

•Nuclear division without cell division occur per 

10 hour

•Large variation of cell size: 10-5m ~ 1m

•Experimental convenience of size manupulation:

fuse and cut



Growth of single-nucelus unicelluar organism

Nuclear division with cell division

Growth of multinucleus unicelluar organism 
(Physarum)

Nuclear division without cell division





cut

fuse

Experimental convenience of size manupulation:

! Body size can thus be regarded as a system parameter !



Directional movement of the cell 

as self-organized phenomenon

Background

Note. In our body, there are many kinds of cells using amoeboid motion.
(ex) White blood cell (leukocyte),  Epithelial cell, Cancer

Plasmodium of 
True slime mould



10mm

Small piece taken from a large Physarum amoeba

speed x 3600



Slime mould with various size 
during locomotion

100μm 500mm 1mm 1cm body length

⇒ Scaling study of cell movement 

using Slime mould

Background



• Static allometry 

     the size dependency of the time-averaged characteristics

•Ontogenetic allometry

     the characteristics changes throughout its development
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Experimental environment
１w%agar, room temp. 24±1!, the humidity 

inside the apparatus 90%RH
more than six hour measurement of one 
directional locomotion

Smaller slime moulds  (< 0.1μL (n=13))

allowed to move freely on agar plate (φ=9cm)

Larger slime moulds ( > 0.1μL (n=37))

placed on narrow agar lanes (width 0.5, 1, 2, 4, 
or 8 mm) in order to limit the num of advancing 
front to one or to confine locomotion to 1-dim.



For smaller size(< 0.1!L)

For medium and larger size  (> 0.1!L)

width of each lane  lw = 1, 2, 4 or 8 [mm]

250(mm)

PET film
agar (1w%)

lw
cut

cut

cut

wet cellophane

Systematic preparation of  cells with 
different sizes from a giant cell



Optical density (x,t)

Caribulation

thickness 
h(x,y,t)

Measurement of thickness

Introduction of the coordinates
!"#$%



Introduction of the coordinates

Smaller slime moulds  (< 0.1μL (n=13))

allowed to move freely on agar plate (φ=9cm)



hʹ′(x, t) = maxy∈l(x,t) h(y, t)

Coordinate system and longitudinal shape

Longitudinal coordinate and
 its perpendicular axis. Characterisation of longitudinal shape

hmax : the max thickness of frontal part

xL : body length
xmax : length of very frontal tip
dV : 
hʹ′(x, t)  

Figure 3: The coordinate and longitudinal shape. The plots are not from real data. (a) introduction of longitudinal
coordinate and its perpendicular axis (b) characterization of longitudinal shape of plasmodium: the length of very
frontal tip (xmax), the effective body length (xL), and the maximum thickness of frontal part (hmax). hTh is a threshold
to determine the front edge. The abscissa axis is the longitudinal axis of the moving longitude coordinate at a given
time. The ordinate axis is the thickness of the longitudinal shape. The details see in the text.

V (t), of the plasmodium was estimated by body area !
thickness, V (t) =

!
xb(t)!x!xf (t)

!
y"!(x,t) h(y, t)dydx.

2.4.2 Measurement and characterization of longitu-
dinal shape and size

The contour of thickness distribution of the plasmodium
along the longitudinal direction is referred to as longitudi-
nal shape in this paper. More precisely, on the longitude
coordinate for a directionally migrating plasmodium, the
longitudinal shape of the plasmodium for each time was
estimated as {(x, h#(x, t)) ; x is body point at t} where
h#(x, t) = maxy"!(x,t) h(y, t) is the largest value of
thickness along the perpendicular line segment centred at
x. A triplet of the three quantities (xL, hmax, xmax)(t)
was measured on the longitudinal shape, where the length,
xL(t) is the distance from the leading edge to tail edge,
hmax(t) is maximum thickness and xmax(t) is the dis-
tance from the frontal tip to the place at which the thick-
ness was maximum. Whenever the longitudinal shape was
described, we used a moving longitude coordinate whose
origin is always set at the position of the leading edge on
the (fixed) longitude coordinate of the plasmodium and
direction of the longitude axis is reversed, x# = xf " x
(Fig.3b). As characteristics for the longitudinal size, we
estimated the cross-section area, dV [mm3/mm], which
was calculated by “volume/mean width”.

2.4.3 Determination of intrinsic period of thickness
oscillation T0

It is known that the plasmodium shows regular thick-
ness oscillation with period 60-120s which is coordinated
along the longitudinal body axis with some phase gradient
and produce protoplasmic shuttle streaming [18, 19, 20].
This rhythmic contraction also provides a to-and-fro mo-
tion of the leading edge in a cycle. Using the thickness
oscillations along the body axis, an intrinsic period of the
oscillation T0(t) was estimated for each time t. Appendix
gives more complete description.

2.4.4 Averaging of the variables over the intrinsic pe-
riod

The regular thickness oscillation may induce oscilla-
tion of the various variables including the longitu-
dinal shape and the locomotion speed with the in-
trinsic period. To get rid of this short-term reg-
ular variation from our consideration, each variables
z(t) # {xL(t), hmax(t), xmax(t), v(t), h#(x, t)} was av-
eraged over the period T0(t), and were denoted as z(t),
again, z(t) :=

! t+T0(t)/2
s=t$T0(t)/2 z(t " s)ds/T0(t).

2.4.5 Statistical analysis

In the estimation of the power-law-type functional rela-
tionship between two variables, the major axis regres-
sion between the logarithmically transformed variables
were employed, because the variables were subject to
measurement error in this study ([21]). The fitting re-
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Larger slime moulds ( > 0.1μL (n=37))

placed on narrow agar lanes (width 0.5, 1, 2, 4, or 8 
mm) in order to limit the num of advancing front to 
one or to confine locomotion to 1-dim.



Regular oscillations in thickness with a 
period of 60- 120s that involves 
protoplasmic flow inside the body

Speedx100

Speedx100



Averaging of variables over intrinsic period (T0) of 
thickness oscillation

Averaging over T0
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•Static allometry 

     the size dependency of the time-averaged characteristics
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surgical knife, that is, amputation of the frontal tip. The place of the am-
putation from the tip, d, was varied from 0.8 to 5 mm in the plasmodium
with the length of ! 90 mm, and the mean extension speed of the tip was
measured before the amputation, v0, and after the amputation, va.

Figure 3(a) shows the space-time plot of the thickness profile of a plas-
modium. After the amputation, the tip extends at the almost the same
velocity as before the amputation, while the rhythmic contraction disap-
pears. The extension velocity is roughly constant from 5 to 1 mm ampu-
tation (Figure 3(b)). It should be noted that the decrease of the extension
velocity at small d can be caused by the damage due to the amputation.
This result suggests that the rhythmic contraction is not a motive force of
locomotion and extension of the frontal tip, and the frontal locomotion will
be driven by a process localized at the tip.
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Fig. 3. Amputation of the tip to examine the locomotion activity of the frontal tip. (a)
Space-time plot of thickness profile of a plasmodium directionally migrating in a nar-
row lane. The thickness is represented by grayscale; darker color corresponds to thicker
protoplasm. The plasmodium migrates from bottom to top. At the timing indicated by
the arrow, the frontal tip was divided from the main body that was removed after the
amputation. Origins of the axes are determined arbitrarily. (b) Ratio of the locomotion
velocities before, v0, and after, va, the amputation, va/v0.

3. Mathematical model

We obtained clear evidence that the locomotion process is localized at the
frontal tip. In other word, a tip having the locomotion activity is able to be
the locomotion front. Besides, it was reported that polarized intracellular
chemical pattern corresponds to the polarity of a plasmodium, e.g., ATP

Localization of the locomotion 
engine in the frontal part 

(from Takagi,S. et al 2007)



Traveling wave in reaction diffusion system
with slow modulation

chemical oscillation
with 

slow modulation (γ)

body formation
with 

exponential relaxation



Discussion

What is the origin of the difference between them? One probable reason is that: 
the size-independent properties result from biochemical processes 
because chemical reaction speed mainly depends not on the body 
size itself but on the chemical characteristics of the substances 
involved. 
the size-dependent properties may result from physico-mechanical 
processes. If so, they are likely to be quite general properties that 
hold for a wide range of organisms.

Scalable vs.  Non-scalable properties 


